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Subroutine Package.
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INTRODUCTION

The Scientific Subroutine Package (SSP) for Oper-
ating System/360 PL/1 is a set of basic computa-
tional subroutines intended to help the user develop
his own PL/I program library. The user may sup-
plement or modify the subroutines to meet his needs.
This package includes a wide variety of subroutines
to perform the functions listed below but is not
intended to be exhaustive in terms of either functions
performed or methods used. As with all tools, the
user should understand their capabilities and their
application to his functional requirements before
deciding to use them.

AREAS OF APPLICATION

Individual subroutines or a combination of them can
be used for the general areas listed here.

Mathematics

Matrix operations

Elementary

Linear equations

Eigenvalues
Polynomial operations

Orthogonal polynomials

Polynomial economization

Polynomial roots
Numerical quadrature

Tabulated functions

Nontabulated functions
Numerical differentiation

Tabulated functions

Nontabulated functions
Interpolation of tabulated functions
Approximation of tabulated functions
Smoothing of tabulated functions
Roots and extrema of functions
Systems of ordinary differential equations
Special mathematical functions

Statistics

Data screening and analysis
Elementary statistics
Correlation and regression analysis
Correlation
Multiple linear regression
Stepwise multiple regression
Canonical correlation
Analysis of variance
Discriminant analysis
Principal components analysis
Nonparametric statistics
Distribution functions

IBM REFERENCE MATERIAL

System/360 Scientific Subroutine Package
(360A-CM-03X) Version III Programmer's
Manual (H20-0205)

IBM System/360 Operating System PL/I (F)
Reference Manual (C28-8201)

IBM System/360 Operating System PL/I (F)
Programmer's Guide (C28-6594)

Preface to PL/I Programming in
Scientific Computing (E20-0312)

CHARACTERISTICS

Some of the characteristics of SSP/360 (PL/I) are
as follows:

e All subroutines are free of input/output
statements.

e All subroutines are written in 0S/360 PL/I (F).

e Most of the subroutines provide a double-
precision option.

o The use of certain subroutines (or groups of
them) is illustrated in the program documen-
tation by sample main programs with input/
output.

o All subroutines are documented uniformly.

An example of a sample main program that uses

several of the subroutines is the statistical function
called Principal Components Analysis (FACT). *

It uses five separate subroutine capabilities, as
follows:

o Computation of means, standard deviations,
and correlation matrix (CORR)

e Computation of eigenvalues and eigenvectors
of the correlation matrix (MSDU)

e Selection of eigenvalues (TRAC)

e Computation of factor matrix (LOAD)

e Varimax rotation of the factor matrix (VRMX)

This is one of the sample main programs

included in the program documentation.

*This program performs the same functions as the
program that was called Factor Analysis in the
FORTRAN versions of SSP. The name Principal
Components Analysis more aptly describes the
function of this program than the name Factor
Analysis. For a discussion of the distinction
between Factor Analysis and Principal Components
Analysis see Section 2.2 of 1130 Statistjcal System
(1130-CA-06X) User's Manual (H20-0333).




REQUIRED SYSTEMS

Programming Systems

The subroutines are written in the PL/I language,
using the 48-character set and the facilities pro-
vided by the PL/I (F) compiler, which functions
under Operating System/360.

Machine Configuration

A minimum requirement is a System/360 suitable
for the 0S/360 PL/I (F) compiler. The machine
configuration required for any given problem
depends on the number of subroutines used, the
size of the compiled subroutines, the size of the
compiled main program, the size of the control
program, and the data storage requirements.



OVERALL RULES OF USAGE

GENERAL RULES

All subroutines in SSP are entered by means of the
standard PL/I CALL statement. The subroutines
are purely computational in nature and do not con-
tain any references to input/output devices. The
user must therefore furnish, as part of his program,
the input/output and other operations necessary for
the total solution of his problem. He must also
define by DECLARE statements all matrices to be
operated on by SSP subroutines as well as those
matrices utilized in his program. The subroutines
contained in SSP are used like any user-supplied
subroutine. All of the normal rules of PL/I con-
cerning subroutines must therefore be followed.
Note that the subroutines have been written using the
48-character set, so the programmer should be
familiar with its use.

All variables in the calling program must be
declared with the proper attributes. Those vari-
ables appearing as parameters in the call statement
of the calling program should not have attributes
conflicting with those of the called program.

The CALL statement transfers control to the
subroutine and replaces the dummy variables in
that subroutine with the value of the actual argu-
ments that appear in the CALL statement. When
the argument is an array, the address and size of
the array are transmitted to the called subroutine.

The arguments in a CALL statement should agree
in order, number, and type with the corresponding
arguments in the subroutine. In SSP, all arguments
in a CALL statement must be variable names.
Constants are not acceptable. For example, if the
user wishes to invert a matrix A, which is 10 by 10,
using the SSP subroutine MINV, and if the constant
for testing the condition of the matrix is 10'8,
these constants must be defined as variables before
calling MINV, as illustrated below:

N =10, .
CON =1.0E - 8, .
CALL MINV (A, N, D, CON), .
where D is the determinant.
Some of the subroutines in SSP require the name

of a user function subprogram or a PL/ I-supplied
function name as part of the argument list in the

CALL statement. If the user's program contains
such a CALL, the function name appearing in the
argument list must be declared as ENTRY in the
user's calling program.

For example, the SSP routine SBST calls a user-
supplied subroutine. The user must, therefore,
prepare a subroutine, with the proper argument
list, to perform the desired tasks. He must
declare the name of this subroutine as ENTRY in
his calling program and supply the name of that
subroutine to SBST as the appropriate parameter in
his CALL statement to subroutine SBST. The sub-
routine SBST need not be modified by the user. The
dummy argument B in the subroutine SBST is
replaced by the user's subroutine name at execution
time.

The following illustrates these procedures:

SSP Subroutine SBST (need not be altered)

SBST. .
PROCEDURE (A, C, R, B, S, NO, NV, NC),,
DECLARE
B ENTRY,.

CALL B (R, TR), .

RETURN, .
END, .

User's Calling Program

USER. .
PROCEDURE OPTIONS (MAIN), .
DECLARE
BOOL ENTRY, .

CALL SBST (A, C, R, BOOL, S, NO, NX,
NC)y,.

.

RETURN, .,
END, .



User's Function Subprogram

BOOL..
PROCEDURE (R, T), .

RETURN, .
END, .

ERROR CODES

In the Scientific Subroutine Package most of the
subroutines use an error indicator to warn the
user that a certain condition exists. The user, in
his calling program, should check the error indi-
cator when returning from a called program. If
the user wishes to use the error indicator as an aid,
he should, in his calling program, declare ERROR
EXTERNAL CHARACTER(1). In this way he has
available in the calling program the value of the
error indicator (ERROR).

If, in using a subroutine, an error is detected,
some of the output areas may contain invalid data.
Generally, however, output areas are set to appro-
priate values (for example, zero or + 1075).

MATRIX OPERATIONS

Special consideration must be given to the sub-
routines that perform matrix operations. These
subroutines have two characteristics that affect the
size and format of the data in storage: variable
dimensioning and data storage compression.

Variable Dimensioning

Those subroutines that deal with matrices can
operate on any size array, limited in most cases
only by the available core storage and numerical
analysis considerations. The subroutines do not
contain fixed maximum dimensions for data arrays
named in their calling sequence. The variable
dimension capability has been implemented in SSP
by using the asterisk notation. Under this approach,
where a called subroutine needs to declare an array
of the same dimensions as a calling program, the
dimension specifications are replaced by asterisks.
Thus, the user does not need to modify the sub-
routines so long as he has declared adequate dimen-
sions for arrays in the calling program or main
program.

One way to ensure that arrays have adequate
dimensions for various problems is to declare them
with variable notations. For example, if matrix R

contains intercorrelation coefficients among M
variables, the DECLARE statement appears as
follows:

DECLARE R(M, M), .

If M is 10, then 100 locations will be allocated for
matrix R.

If M is 20, then 400 locations will be allocated
automatically.

Storage Compression

When working with symmetric matrices it is often
advantageous to use a compressed (vector) storage
form. This means that only the upper or lower
triangular part of the matrix need be stored, which
for an N by N matrix reduces the core requirements
from N2 locations to N(N+1)/2 locations. A sub-
routine, MSCS, is provided in this package which
stores a symmetric matrix in compressed form and
at the same time tests the matrix for symmetry.
The element stored is the average of each pair of
symmetric elements of an n by n matrix Q, i.e.,

g, = ik + Ui i=1,...,n
ik 2 k=1,...,i

At the same time the difference Qi - Qi is
tested against a user-supplied tolerance. If this test
fails, an ERROR indication is given but in any case
the results Sji are supplied in the vector form:

S

S S S

11’ S21’ S22’ 31’ S32’ 33° " " "nn

Another subroutine, MSCG, is provided which con-
verts this vector (compressed) form back to the
general two-dimensional form.

Some of the subroutines of SSP-- for example,
MMSS and MAGS -- accept input in this compressed
form.

DOUBLE PRECISION

The accuracy of the computations in many of the

SSP subroutines is highly dependent upon the number
of significant digits available for arithmetic
operations. Matrix inversion, integration, and
many of the statistical subroutines fall into this cate-
gory. The user may, therefore, wish to use double-
precision versions of these subroutines. Most of
the SSP/360 (PL/1) subroutines provide a double-
precision option, PL/I double-precision statements
have been included in each of these subroutines in



the form of a comments card. The double-precision
version of the subroutine can be obtained by remov-
ing/* from cc 3 and 4 of the double-precision state-
ment card(s) and by removing the corresponding
single-precision cards (or making them comments
cards) before compilation. The use of double-
precision subroutines requires a detailed knowledge
of the PL/I rules concerning double precision. Two
of the more basic rules are as follows:

1. Any real variable, vector, or array name
contained in the argument list of a CALL to a
double-precision subroutine must be declared as
double precision in the calling program.

2. Any user-supplied function named in the CALL
statement for a double-precision SSP subroutine must
be programmed as a double-precision function.

FORMAT OF THE DOCUMENTATION

The major portion of this manual consists of the
documentation for the individual subroutines and
sample programs.

SUBROUTINE DESCRIPTIONS

Subroutines and sample program guides, both cate-
gorical and alphabetic, designed to help locate par-
ticular subroutines are given in the pages that
follow.

The subroutine descriptions, in general, consist
of purpose, usage, remarks, method, mathematical
background, programming considerations, and a
program listing. References to books and peri-
odicals will be found under the method section of the
description. The mathematical description pages
do not, in all cases, indicate the derivation of the
mathematics. They are intended to indicate what
mathematical operations are actually being per-
formed in the subroutines.

SAMPLE PROGRAM DESCRIPTIONS

A sample program, in general, consists of a de-
scription of the problem, program, input, output,
program modification, operating instructions, error
messages, timing, machine listing of the program,
sample input data, and output results. In some
cases (for example, as a part of developing the data
screening sample program) a special sample sub-
routine has been implemented that may prove useful
to the programmer. One such subroutine, called
HIST, prints a histogram of frequencies. The listing
of these subroutines is included after the sample
program documentation in this manual.

Instructions for modifying the sample programs
for different data formats are included in the docu-
mentation. In addition, those sample programs that
illustrate potentially double-precision subroutines
include double-precision statements in the form of
comment cards. These comment cards are contained
in the sample program source decks.

OPERATING NOTES

It is recommended that those SSP subroutines that
will be frequently used in an installation be compiled
and that the relocatable programs be placed on the
PL/I systems residence device. In the case of
Operating System/360, this will be the PL/I library
portion of the system disk pack. Iformation on the
method for updating the system to include user-
supplied subroutines appears in the appropriate PL/I
programmer's guide. SSP subroutines are handled
in the same manner as user-supplied subroutines.

If the subroutines are not placed in the PL/I library,
those required by a particular program will have to
be included in that program each time it is run. As
noted earlier, the subroutines have been written using
the 48-character set.



CATEGORICAL GUIDE TO SUBROUTINES AND

SAMPLE PROGRAMS

MATHEMATICS

Matrix Operations

Flementary Operations

MSCS

s

~ MAGS
v MMGG

MMSS
M8
MMGT
VPRM

MTPI

I

Storage conversion — two-
dimengional to compressed
Storage conversion — com-
pressed to two-dimensional
Add-subtract general and
symmetric matrices
Product of two general
matrices

Product of two symmetric
matrices

Prodnet of a general matrix
and a symmetric matrix
Product of a general matrix
and its transpose
Permutation of rows or
columns of a matrix
Calculation of permutations
from transpositions
Calculation of inverse
permutatior ond trans-
nositing

Linea» Equations and Related Topics

MF G

MES

MF&B

MFGR

MDLS/MDRS

Triangular factorization of

a general nonsingular matrix
Triangular factorization of

a symmetric pogitive definite
noatrix

Triangular factorization of

a symmetric positive definite
band matrix

Factorization and rank
determination of a general
rectangular matrix

Dividing a matrix by a
triangular matrix that has
been factored from a
symmetric positive definite
matrix

Dividing a matrix by a
triangular matrix that has
been factored from a sym-
matric positive definite hand
wabrir

17

18

19

21

23

25

27

29

35

37

MDLG

MIS
(Q fs "“
< MINV

MLSQ

MGR1/MGB2

Dividing a matrix by a lower
or upper triangular matrix
that has been factored from
a general nonsingular matrix
Inverting a general non-
singular matrix that has been
factored into upper and
lower triangular factors
Inverting a symmetric posi-
tive definite matrix that has
been factored into a triangu-
lar matrix and its transpose
Inverting a general square
matrix

Solution of a system of
linear equations, the least
sauares solution being
obtained in case of an over-
determined system

Solution of simultaneous
linear equations with band
matrix of coefficients

Eigenvalues and Related Topics

MATE

+ MATU

MSTU

vMEAT
MEST
MEBS

MVST

Reduction of a real matrix
to upper almost-triangular
form by elementary trans-
formations

Reduction of a real matrix
to upper almost-triangular
form by orthogonal trans-
formations

Reduction of a symmetric
matrix to tridiagonal form
by orthogonal transformations
Eigenvalues of a real upper
almost-triangular matrix
Eigenvalues of a real sym-
metric tridiagonal matrix
Bounds for the eigenvalues
of a real symmetric matrix
Eigenvector of a symmetric
tridiagonal matrix, cor-
responding to a given
eigenvalue

Eigenvalues and eigen-
vectors of a real symmetric
matrix

Page

39

40

42

44

45

49

56

58

63
66

67

69



MGDU

*MVAT

MVSU

MVEB

Eigenvalues and eigenvectors
of a special real nonsym-
metric matrix

Eigenvector of a complex
almost-triangular matrix,
corresponding to a given
eigenvalue

Eigenvector of a symmetric
matrix from the correspond-
ing eigenvector of the
associated tridiagonal form
Eigenvector of a real matrix
from the corresponding
eigenvector of the asso-
ciated almost-triangular
matrix, which has been
developed using MATU
Eigenvector of a real matrix
from the corresponding
eigenvector of the asso-
ciated almost-triangular
matrix, which has been
developed using MATE

Polynomial Operations

POV

POSV

PEC/PTC

POST

PRTC

Values of orthogonal poly-
nomials (Chebyshev,
Legendre, Laguerre and
Hermite)

Value of series expansion
in orthogonal polynomials
(Chebyshev, Legendre,
Laguerre and Hermite)
Economization of a poly-
nomial for symmetric and
asymmetric range, trans-
formation of polynomial to
expansion in Chebyshev or
shifted Chebyshev poly-
nomials

Transformation of ortho-
gonal polynomial expansion
to a polynomial

Roots of a complex poly-
nomial by Nickel's method
based on a method of Newton

Numerical Quadrature

Quadrature of Tabulated Functions

QTFG/QTFE

Integration of monotonically
or equidistantly tabulated
function by trapezoidal rule

Page

71

72

74

75

76

78

81

QSF

QHFG/QHSG/
QHFE/QHSE

Integration of equidistantiy
tabulated function by
Simpson's rule

Integration of monotonically
or equidistantly tabulated
function with first (and
second) derivatives by
Hermitian formula of the
first (and second) order

Quadrature of Nontabulated Functions

QATR

QG2, QG4,
QG8, QG1S6,
QG24, QG32,
QG48

QL2, QL4,
QLS8, QL12,
QL16, QL24
QH2, QH4,
QH8, QH16,
QH24, QH32,
QH48

QA2, QA4,
QA8, QA12,
QA16, QA24

Integration of a given func-
tion by the trapezoidal ruls
together with Romberg's
extrapolation method
Integration of a given func-
tion by Gaussian quadrature
formulas

Integration of a given fuac-
tion by Gaussian-Laguerre
quadrature formulas
Integration of a given func-
tion by Gaussian-Hermite
quadrature formulas

Integration of a given func-
tion by associated Gaussian-
Laguerre quadrature
formulas

Numerical Differentiation

Differentiation of Tabulated Functions

DGT3

DET3

DET5

Differentiation of a tabulated
function by Lagrangian
interpolation
Differentiation of an equi-
distantly tabulated function
using Lagrangian inter-
polation formulas
Differentiation of an equi-
distantly tabulated function
using Lagrangian inter-
polation formulas

Differentiation of Nontabulated Functions

DFEC

Derivative of a function at
the center of an interval by
Richardson's and
Romberg's extrapolation
method
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161

103

105

107
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110

112



DFEO

Derivative of a function at
the end of an interval by
Richardson's and
Romberg's extrapolation
method

Interpolation of Tabulated Functions

ALIM/ALIE

AHIM/AHIE

ACFM/ACFE

Aitken-Lagrange interpola-
tion, monotonic and
equidistant tables
Aitken-Hermite interpola-
tion, monotonic and
equidistant tables
Continued fraction inter-
polation, monotonic and
equidistant tables

Approximation of Tabulated Functions

FFT

FFTM

APLL

APC1/APC2

ASN

Fast Fourier transform for
real or complex one-
dimensional array

Fast Fourier transform for
real or complex multidimen-
sional array

Setting up normal equations
for least squares poly-
nomial approximation
Setting up normal equations
for least squares Chebyshev
polynomial approximation
Solving normal equations
for least squares fit

Smoothing of Tabulated Functions

SG13/SE13

SE15

SE35

EXSM

Local least squares smooth-
ing of a/tabulated function
using a linear fit relative

to three points

Local least-squares smooth-
ing of an equidistantly
tabulated function using a
linear fit ’relative to five
points

Local least-squares smooth-
ing of an equidistantly tab-
ulated function using a cubic
fit relative to five points
Triple exponential smooth-
ing of a given series
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115

118

122

126

129

134

139

140

143

147

149

150

152

Roots and Extrema of Functions

FMFP Minimization of a function
of several variables without
constraints

RTF Root of a function using

linear, quadratic, or
hyperbolic interpolation

RTFD Root of a function with given

derivatives, by linear,
inverse, quadratic, or
hyperbolic interpolation

Systems of Ordinary Differential Equations

DERE Performing one integration
step on a system of first-
order ordinary differential
equations

Special Mathematical Functions

CEL1/CEL2 Complete elliptic integral
of first and second kind

ELI1/ELI2 Incomplete elliptic integral
of first and second kind

JELF Jacobian elliptic functions
LGAM Log of the gamma function
STATISTICS

Data Screening and Analysis

TALY Totals, means, standard
deviations, minima, and
maxima

BOUN Selection of observations
over, under, and within
bounds

ABST Detection of missing data

SBST Subset selection from

observation matrix satisfy-
ing certain conditions

TAB1 Tabulation of data (one
variable) including fre-
quencies, over class
intervals, mean, standard
deviation, minimum, and
maximum

TAB2 Tabulation of data (two
variables)
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167

172
174

177
180

181

182
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SUBM Copying a subset matrix
that satisfies certain
conditions from an observa-

tion matrix

Elementary Statistics

MOMN First four moments for
grouped data on equal class
intervals

TTST Certain t-statistics on the

means of populations

Correlation and Regression Analysis

CORR Means, standard deviations,
and correlation coefficients

ORDR Selection of submatrix from
matrix of correlation co-
efficients for multiple
linear regression analysis

MLTR Multiple linear regression
analysis

STRG Stepwise multiple linear
regression analysis

CANC Canonical correlation be-

tween two sets of variables

Analysis of Variance

AVAR Analysis of variance for a

complete factorial design

Discriminant Analysis

DMTX Means and dispersion matrix
for all groups
DSCR Discriminant functions

Principal Components Analysis

TRAC Cumulative percentage of
eigenvalues

LOAD Factor loading

VRMX Varimax rotation

Nonparametric Statistics

KLMO Kolmogorov-Smirnov one-
sample test

KL M2 Kolmogorov-Smirnov two-
sample test

SMIR Kolmogorov-Smirnov limit-

ing distribution values
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191

192

194

196

197

200

204

206

209

210

213

214
215

218
221

223

CHSQ Chi-square test for
contingency tables

KRNK Kendall rank correlation

QTST Cochran Q-test

RANK Rank observation

SRNK Spearman rank correlation

TIE Calculation of correction
factor due to ties

TWAV Friedmann two-way analysis
of variance statistic

UTST Mann-Whitney U-test

WTST Kendall coefficient of
concordance

HTES Kruskal-Wallis H-test

Distribution Functions

NDTR Normal distribution function

BDTR Beta distribution function

CDTR Chi-square distribution
function

NDTI Inverse of normal distribu-

tion function
GUIDE TO SAMPLE PROGRAMS

Data Screening

DACR Sample main program
Illustrates use of:
SBST Subset selection from
observation matrix
TAB1 Tabulation of data (one

variable)

Special sample subroutines are:

BOOL Boolean expression
HIST Histogram printing
DAT1 Sample data read

Multiple Linear Regression

REGR Sample main program
Ilustrates use of:
CORR Means, standard deviations,
and correlations
ORDR Rearrangement of
intercorrelations
MINV Matrix inversion
MLTR Multiple regression

Special sample subroutines are:
DAT2 Sample data read
IDT1 Sample binary fixed data
read
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230
231
233
234
235
236

238

239
240
243

246

255
184

185

259
259
259

260
194
196

44
197

265
265



Stepwise Multiple Regression

STEP Sample main program
Ilustrates use of:
CORR Means, standard deviations,
and correlations
STRG Stepwise multiple
regression
Special sample subroutines are:
DAT2 Sample data read sub-
routine
IDT2 Sample binary fixed data
read
sSouUT Sample stepwise regression

output subroutine

Canonical Correlation

CANO Sample main program
Illustrates use of:
CORR Means, standard deviations,
and correlations
CANC Canonical correlation
MINV Matrix inversion
MGDU Eigenvalues and eigen-

vectors of a special
general matrix

MSDU Eigenvalues and eigen-
vectors of a symmetric
matrix

Spec.ul snmple subroutine is:

DAT2 Sample data read

Analysiz of V-riance

ANOV Sample main program

Illustrates the use of:

AVAR Analysis of variance
Special sample subroutine is:
DAT3 Saiaple data read

Discriminant Analysis

MDSC Sample main program
Illustrates the use of:

DMTX Means and dispersion matrix

MINV Matrix inversion

DSCR Discriminant analysis
Special sample subroutine is:

DAT2 Sample data read
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Principal Components Analysis

265 FACT Sample main program
Illustrates the use of:
194 CORR Means, standard deviations,
and correlations
200 MSDU Eigenvalues and eigen-
vectors of a real symmetric
matrix
270 TRAC Cumulative percentage of
eigenvalues
270 LOAD Factor loading
VRMX Varimax rotation
270 Special sample subroutine is:
DAT2 Sample data read

Kolmogorov-Smirnov Test

270 KOLM Sample main program
Illustrates the use of:
194 KLMO One sample test
KLM2 Two sample test
204 SMIR Kolmogorov-Smirnov limit-
44 ing distribution function
71 NDTR Normal distribution function
Triple Exponential Smoothing
69
EXPN Sample main program
Mlustrates the use of:
EXSM Triple exponential smoothing
274 Special sample subroutine is:
DATS3 Sample data read
Allocation of Overhead Costs
274
COST Sample main program
Illustrates the use of:
206 MFG Matrix triangular factoriza-
tion
977 MDLG Division by triangular
matrices
277
209
44
210
281

Page

281
194

69

213

214
215

286

286
218
221
223

239

291
152

293

294
23

39



ALPHABETIC GUIDE TO SUBROUTINES AND

SAMPLE PROGRAMS, WITH STORAGE

REQUIREMENTS

The following table lists the number of bytes of

storage for the program control section required by

each of the subroutines in the Scientific Subroutine

Package, The storage requirements were obtained

by using Version 4 of PL/I and Release 16 of OS,
The use of other versions and releases may cause

deviations from these figures.

The dotible—precision version storage require-

ments of the subroutines in the Scientific Subroutine

Package are included in parentheses.

Math. Description

Storage Required

Math. Description

Name Page Number Bytes
ABST 183 610

ACFM 126

ACFE} 126 2,826 (2,696)
igﬁjd } izz 2,946 (2,950)
ALIM 118

ALIE } 118 2,306 (2,310)
ANOV 274 4,482

APC1 140 .

APC2 } 140 1,766 (1,766)
APLL 139 986  (986)
ASN 143 1,902 (1,874)
AVAR 206 4,174 (4,174)
BDTR 240 3,830

BOOL 259 266

BOUN 182 1,102

CANC 204 4,718 (4,718)
CANO 270 5,478

CDTR 243 3,962

CEL1 172

CEL2 } 172 858 (854)
CHSQ 224 3,882

CORR 194 4,352 (4,408)
COST 294 3,206

DACR 255 4,294

DAT1 259 1,098

DAT2 265 1,098

DATS3 277 850

DERE 167 2,762 (2,738)
DET3 108 658  (658)
DET5 110 890  (890)
DFEC 112 1,142 (1,142)
DFEO 115 1,118 (1,118)
DGT3 107 894  (894)
DMTX 209 2,498 (2,510)
DSCR 210 3,090 (3,110)
ELI1 174

ELI2 } 174 1,458 (1,454)
EXPN 291 2,430

EXSM 152 1,030

Name Page Number
FACT 281
FFT 129
FFTM 134
FMFP 153
HIST 259
HTES 238
IDT1 265
IDT2 270
JELF 177
KLMO 218
KLM2 221
KOLM 286
KRNK 227
LGAM 180
LOAD 214
MAGS 14
MATE 56
MATU 58
MDLG 39
MDLS } 35
MDRS 35
MDSB 37
MDSC 277
MEAT 61
MEBS 66
MEST 63
MFG 23
MFGR 29
MFS 25
MFSB 27
MGB1 } 49
MGB2 49
MGDU 71
MIG 40
MINV 44
MIS 492
MLSQ 45
MLTR 197
MMGG 15
MMGS 17
MMGT 18
MMSS 16
MOMN 191
MPRM 19
MPIT 21
MSCG 14
MSCS 3
MSDU 69
MSTU 59
MTPI 20

7,116
3,166 (3,165
4,040 {1,24M
4,174 (4,040)
2,874
1,122
14
614
1,270 (1,270)
2,010
1,998
6,828
2,010
750
666  (666)
638  (638)
1,706
1,918
1,314

1,426 (1,414)

1,202 (1.186)

6,482

5,638

1,066

1,890

1,882 (1, 85,

2,780 (2,714)
886 (874)

1,158 (1,142)

3,562 (3, 550)

2,274 (2, 274)
1,894 (1, 858)
3,014 (3,014)
1,198 (1,182)
3,622 (3,558)
2,098 (2, 098)

630  (622)
1,062 (1,058)

858  (846)

718 (710)
2,078

1,078 (1, 078)
730
474 (474)
626 (626)
3,535 (3, 538)
2,426
674

Storage Required

11



Math. Description Storage Required Math. Description Storage Required

Name Page Number Bytes Name Page Number Bytes
MVAT 72 5,782 QL2 101 362  (354)
MVEB 76 1,294 QL4 101 510  (490)
MVST 67 3,254 QLS8 101 398  (398)
MVSU 74 1,182 QL12 101 402 (402)
MVUB 75 1,518 QL16 101 402  (402)
NDTI 246 834 QL24 101 398  (394)
NDTR 239 450 QSF 93 710  (710)
ORDR 196 1,238 (1,238) QTFG } 92

PEC } 81 2. 082 (2, 090) QTFE 92 702 (702)
PTC 81 ’ ’ QTST 229 1,462

POST 86 1,322 (1,322) RANK 230 962

POSV 78 798  (790) REGR 260 7,930

POV 77 722 (714) RTF 159 1,878 (1, 882)
PRTC 87 2,686 (2,718) RTFD 163 1,762 (1,762)
QA2 105 362 (354) SBST 184 1,562

QA4 105 510  (490) SE13

QA8 105 398  (398) SG13 } 147 1,118 (1,118)
QA12 105 402  (402) SE15 149 730  (730)
QA16 105 402  (402) SE35 150 74 (174)
QA24 105 398  (394) SMIR 293 710

QATR 97 1,318 (1,318) SRNK 231 1,558

QG2 99 422 (422) SOUT 270 3,458

QG4 99 574  (554) STEP 265 5,494

QGS8 99 534  (526) STRG 200 4,914 (4,950)
QG16 99 538  (530) SUBM 190 790

QG24 99 538  (530) TAB1 185 2,642

QG32 99 538  (530) TAB2 187 4,894

QG48 99 530  (522) TALY 181 2,090

QH2 103 346  (342) TIE 238 926

QH4 103 474  (466) TRAC 213 818  (818)
QHS 103 454  (450) TTST 192 2,562

QH16 103 458  (454) TWAV 234 1,562

QH24 103 458  (454) UTST 235 1,302

QH32 103 458  (454) VRMX 215 3,970 (3, 852)
QH48 103 450  (446) WTST 236 1,986

QHFG 94

QHFE 94

QHSG o4 1,178 (1,178)

QHSE 94
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SUBROUTINE DESCRIPTIONS AND LISTINGS

MATHEMATICS

Matrix Operations

Elementary Operations

e Subroutine MSCS

BINARY FLOAT,

MSCS.. MSCS 10
/%% /MSCS 20
Ad */MSCS 30
/% CONVERT THE STORAGE ALLOCATICN OF A SYMMETRIC MATRIX */MSCS 40
A FROM A TWO-DIMENSIONAL ARRAY TO A LINEAR ARRAY */MSCS 50
/% */MSCS 60
/ /MSCS 70
PROCEDURE(QyNyEPS4S),y. MSCS 80
DECLARE MSCS 90
(QU*y %) 4EPS,S(%*),Q1,Q2,M) MSCS 100

/*SINGLE PRECISION VERSION /*S*/MSCS 110

/* BINARY FLDAT(53), /*DOUBLE PRECISION VERSION /#D*/MSCS 120
(N+1,K,L)BINARY FIXED, MSCS 130
ERROR EXTERNAL CHARACTER(1),. MSCS 140

ERROR='0", . /*PRESET ERROR INDICATOR */MSCS 150
L =0y MSCS 160
IF N GT O /*TEST SPECIFIED DIMENSION */MSCS 170
THEN DO I =1 TO N,. MSCS 180
DO K =1 TO I,. MSCS 190

L =L+l,. MSCS 200

Q1 =QI4K) . /*REPLACE Q1 BY Q(I,K) */MSCS 210

Q2 =Q(Ky1)y. /*REPLACE Q2 BY Q(K,I) */MSCS 220

S(L) 4M=(Q1+4Q2)*0.5,. /*SET RES. S(L) =(Q1+Q2)/2 */MSCS 230

IF ABS(Q1-Q2) 6T /*TEST FOR SYMMETRY OF Q */MSCS 240
EPS*MAX(1,ABS(M)) MSCS 250

THEN ERROR='S',, /%Q IS NOT SYMMETRIC */MSCS 260

END, . MSCS 270

END, . MSCS 280

ELSE ERROR='D',. /*ERROR IN SPECIFIED DIMENSION */MSCS 290
ENDy . /%END OF PROCEDURE MSCS */MSCS 300

Purpose:

MSCS compresses the storage allocation of a sym-
metric two-dimensional matrix to a one-dimensional
array.

Usage:
CALL MSCS (Q, N, EPS, S);

BINARY FLOAT [(53)]

Given N by N symmetric matrix.

N - BINARY FIXED

Given order of matrices Q and S.
BINARY FLOAT. [(53)]

Given relative tolerance for test on
symmetry.

S(N*(N+1)/2) - BINARY FLOAT [(53)]

Resultant symmetric matrix in one-
dimensional compressed form.

Q(Na N) -

EPS -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR='D' means N is less than 1.

ERROR='S' means given matrix Q does not pass
the specified symmetry test. Nonethe-
less, all of the elements Sik are com-
puted as shown below and stored in S.

Method:
Q, + Q.
S‘k= ik ki for i=1,2,...,n
. k=1,...,i
Symmetry-test:

Qjk - Qi must be absolutely less than
Max (1, 9%+ Qik ;Qik’) *EPS

Mathematics--Matrix Operations--Elementary 13



o Subroutine MSCG e Subroutine MAGS

MSCG. . MSCG 10 MAGS.. MAGS
/ *ERIMSCE 20 Povinass PPN P FEEAKEL s MAGe
/% */MSCG 30 A VIMAGS N
/% CONVERT THE STCRAGE ALLOCATICN 0OF A SYMMETRIC MATRIX */MSCG 40 1% ADD OR SUBTRACT A SQUARE AND A SYMMETRIC MATRIX */MAGS 40
/% FROM A LINEAR ARRAY TO A TWO-DIMENSIONAL ARRAY */MSCG S50 /% ®/MAGS SC
VAl */MSCG 60 [ EEEE LS okk Fkkkkkkkkkk/MAGS 60
T Pr— *£/MSCG TO PROCEDURE (A,8,N,0PT,C) 50 MAGS 70
PPOCEDURE(SyNyQ) s+ MSCG  8C DECLARE MAGS 80
DECLARE MSCG 90 (Al*y%) ,B (%) ,C(%,%),AL,BL} MAGS 90
(S1%),00%,%)) MSCG 100 BINARY FLOAT, /*SINGLE PRECISION VERSION /#3#/4AGS 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /%S%/MSCG 110 /¥ BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MAGS 110
/% BINARY FLOAT(53), /+DOUBLE PRECISION VERSION /%D%/MSCG 120 (NsToKeLyLI)BINARY FIXED, MasS 120
INsT,KyL)BINARY FIXED,. MSCG 130 OPT CHARACTER(1),. MAGS 130
L =0,. MSCG 140 IF N GT © /%1S N GREATER THAN ZERD */MAGS 140
IF N GT © /#TEST SPECIFIED DIMENSION ¥/MSCG 150 THEN 00, . MAGS 150
THEN DC I =1 TO Ny. MSCG 160 LIV =1, MAGS 160
DO K =1 10 I,. MSCG 170 NEXTI.. MAGS 170
L =L+l,. MSCG 180 L =LIy. MAGS 180
QUI KDY QUK,1)=S (L) s /#STORE QUI,K) AND Q(K, 1) #/MSCG 190 Ko =1, MAGS 19C
ENDy« MSCG 200 NEXTK. .o MAGS 200
END, . MSCG 210 AL =AUI,K),. /#REPLACE AL BY A(I,K) */MAGS 21C
END,y . /*END OF PROCEDURE MSCG */MSCG 220 BL =B(L)y. /*SET BL CORRESPONDING TO AL */MAGS 220
IF K LT I MAGS 230
THEN L =L+l,. MAGS 240
ELSE L =L+K,. MAGS 250
IF OPT=12" /%SHOULD A-B BE CALCULATED */MAGS 260
Purpose: THEN BL  ==BL,. /*THEN CONVERT SIGN DF BL */MAGS 270
. ELSE IF OPT=13" /*SHOULD B-A BE CALCULATED */MAGS 280
THEN AL =-AL,. /*THEN CONVERT SIGN OF AL */MAGS 290
CUL K)=AL+BL,. /%SET RESULTANT C(I,K) TO AL+BL#*/MAGS 300
. . IF K LT N MAGS 310
MSCG expands the compressed one-dimensional THEN 0D, . /%INCREMENT K £/MAGS 320
. K =K+l,. MAGS 330
storage allocation of a symmetric matrix to general 60 TO NEXTK . nacs 340
. ve
-3 3 ELSE IF T LT N MAGS 360
two~dimensional form. THEN 00, . J+INCREMENT 1 */MAGS 370
LI =LI+I,. MAGS 380
T =l+1,. MAGS 390
GO TO NEXTI,. MAGS 400
Usage; END, . MAGS 410
END, . MAGS 420
ENDy . /*END OF PROCEDURE MAGS */MAGS 430)

CALL MSCG (S, N, Q);

Purpose:
S(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array MAGS computes C= A + B if OPT = '1'
representing a symmetric N by N C=A-Bif OPT ="2'
matrix in compressed form. C=B - A if OPT ="'3'
N - BINARY FIXED
Given order of matrices S and Q. for given matrices A and B which are general and
Q(N, N) - BINARY FLOAT [(53)] symmetric respectively.
Resultant two~-dimensional general :
representation of given symmetric Usage:
matrix S.
CALL MAGS (A, B, N, OPT, C);
Remarks:
AN, N) - BINARY FLOAT [(53)]
Operation is bypassed in case of a nonpositive value Given general N by N matrix.
of N. The elements of given S are assumed to be B(N*(N+1)/2) - BINARY FLOAT [(53)]
stored in compressed form -- that is; Given one-dimensional array con-
taining the lower triangular part of
mmetric matrix ored ise
S N - BINARY FIXED
Given order of matrices A, B and C.
Method: OPT - CHARACTER(Y)
Given option for selection of opera-
For the elements of resultant Q: tion.
C(N,N) - BINARY FLOAT [(53)]
Q,=Q . =8, for i=1,2,...,n Resultant general N by N matrix,
ik ki ik k=1, 2,...,1 which may be overlaid with A.
Remarks:

Operation is bypassed in case of a nonpositive value
of N. A value of OPT different from '2' and '3' is
treated as if it were '1'.
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Method:

The sum or difference of matrices A and B is
calculated elementwise. The elements of the sym-
metric matrix B are accessed only once.

e Subroutine MMGG

MMGG .« MMGG 10

/ 5 /MMGG 20

7% © ®/MMGG, 30

/% MULTIPLY TWO GENERAL MATRICES */MMGG 40

1% */MMGG 50

HEKEKE ** » /MMGG 60

PROCEDURE(A4BsKsL 9MeC)y. MMGG 70

DECLARE MMGG 80

CACR, %) Bk, %) ,C(*, %)) MMGG 9C

BINARY FLOAT, /*SINGLE PRECISION VERSION /%S%x/MMGG 100

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MMGG 110

S BINARY FLOAT(53}, MMGG 120

(Ko LaMyLyJoN) MMGG 130

BINARY FIXED, MMGG 140

ERRCR EXTERNAL CHARACTER(1l),. MMGG 150

ERROR='D"',. /*PRESET ERROR INDICATOR */MMGG 160

IF K GT © /*TEST SPECIFIED DIMENSIONS */MMGG 170

THEN IF L GT O MMGG 180

THEN IF M GT C MMGG 190

THEN DC, . MMGG 200

I =Cye MMGG 210

NEXTI.. /*COMPUTE THE I-TH ROW OF C */MMGG 220

=I+l,. MMGG 230

J =Cy. MMGG 240

NEXTJ. o /*COMPUTE THE J-TH ELEMENT */MMGG 250

J =J+l,. MMGG 260

S =Cq. MMGG 270

DC N =1 TO Ly. /*PERFORM SCALAR PRODUCT */MMGG 280

S =S+MULTIPLY (ALT,N), MMGG 290

BINyJ) 4530, MMGG 300

ENDy . MMGG 310

ClI,4)=S,. /*STORE RESULTANT C(I,J) */MMGG 320

IF J LT M MMGG 330

THEN GO TO NEXTJ,. /*INCREMENT J */MMGG 340

ELSE IF I LT K MMGG 350

THEN GO TO NEXTI,. /*INCREMENT [ */MMGG 360

ERROR=10",, /*SUCCESSFUL OPERATION */MMGG 370

END, . MMGG 380

ENDy o /*END OF PROCEDURE MMGG */MMGG 390
Purpose:

MMGG computes the standard matrix product

C=A- B,

Usage:

CALL MMGG (A, B, K, L, M, C);

AK, L) -
B(L,M) -
K -

L -

M -

C(K, M) -

Remarks:

BINARY FLOAT [(53)]

Given K by L matrix A (left-hand factor).
BINARY FLOAT [(53)]

Given L by M matrix B (right-hand factor).
BINARY FIXED

Given row dimension of A and C.
BINARY FIXED

Given column dimension of A and row
dimension of B.

BINARY FIXED

Given column dimension of B and C.
BINARY FLOAT [(53)]

Resultant K by M product matrix.

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='D' means errors in specified dimen-
sions K, L, M. Accumulation of scalar products
is performed in double-precision arithmetic. C
must be different from A and B.
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Method:

Standard multiplication means that the element Cjj
is the scalar product of the i~th row of A with the

k-~th column of B.

16  Mathematics--Matrix Operations--Elementary

o Subroutine MMSS

MMSS . MMSS 10

/ /MMSS 20

A */MMSS 30

1% MULTIPLY TWO SYMMETRIC MATRICES STORED IN LINEAR ARRAYS */MMSS 40

1% */MMSS S50

/ /MMSS 60

PROCEDURE({A,B¢NyP)y. MMSS  TO

DECLARE MMSS 80

(A(%*),B(*),P(%,%)) MMSS 90

BINARY FLCAT, /*SINGLE PRECISION VERSION /#%S*/MMSS 100

IAd BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /%*D*/MMSS 110

S BINARY FLOAT(53), MMSS 120

(NsL1aL2oLEsLKeIsKed) MMSS 130

BINARY FIXED,. MMSS 140

IF N GT O MMSS 150

THEN DO,y . MMSS 160

LIs1 =1y, MMSS 170

NEXTI.. MMSS 180

LKyK =1y, MMSS 190

NEXTK.. MMSS 200

Ll =LIy. MMSS 210

L2 =LKy MMSS 220

S =01 /*COMPUTE VECTCR PRODUCT OF TWO*/MMSS 230

DD J =1 TO N,. /*CORRESP. SUBARRAYS OF A AND B*/MMSS 240

S =S+MULTIPLY(A(LL), S 250

B(L2)453) 4. MMSS 260

IFJ LT 1 MMSS 270

THEN L1 =L1+1y. MMSS 280

ELSE L1 =L1¢Jdye MMSS 290

IF J LT K MMSS 300

THEN L2 =L2+1ly. MMSS 310

ELSE L2 =L2+Jy. MMSS 320

END,y o MSS 330

PLI4K)=S,y. 7*STORE RESULTANT ELEMENT OF P */MMSS 340

IF K LT N MMSS 350

THEN DO, . /*INCREMENT K */MMSS 360

LK =LK+Ky o MMSS 370

K =K+lyo MMSS 380

GO TC NEXTKy. MMSS 390

END,y o MMSS 400

ELSE IF I LT N MMSS 410

THEN DO, . /*INCREMENT I */MMSS 420

LI =LI+1,. MMSS 430

1 =I+1,. MMSS 440

GO TC NEXTI,. MMSS 450

ENDy . MMSS 460

ENDy . MMSS 470

END,y /%END OF PROCEDURE MMSS */MMSS 480
Purpose:

MMSS computes the standard product P= A - B of

two symmetric

Usage:

matrices.

CALL MMSS (A, B, N, P);

A(N¥(N+1)/2) -

B(N*(N+1)/2) -

N -

P(N,N) -

Remarks:

BINARY FLOAT [(53)]

Given symmetric N by N matrix,
stored in compressed form (left-
hand factor).

BINARY FLOAT [(53)]

Given symmetric N by N matrix,
stored in compressed form (right-
hand factor).

BINARY FIXED

Given order of matrices A, B, P.
BINARY FLOAT [(53)]

Resultant N by N general product
matrix.

Operation is bypassed in case of a nonpositive value
of N. The symmetric matrices A and B must be
stored in compressed form. Accumulation of
scalar products is performed in double-precision

arithmetic.




Method:

Standard multiplication means that the element Pik
is the scalar product of the i-th row of A with the
k-th column of B.

e Subroutine MMGS

MMGS. . MMGS 10

/MMGS 20

’* . */MMGS 30

/% MULTIPLY A GENERAL WITH A SYMMETRIC MATRIX */MMGS 40

/% */MMGS 50

/MMGS 60

PROCEDURE(GySsMyNyOPT) . MMGS  TC

DECLARE MMGS 8C

(GU*y %), 5(%) yH(MAXIN,M) )) MMGS 90

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S%/MMGS 10C

Al BINARY FLOAT(53), /*DDUBLE PRECISION VERSION /#D%/MMGS 110

T BINARY FLOAT(53), MMGS 120

(MyNyMM NN, T 3J9KoLyLT,LI9RN,CN) MMGS 130

BINARY FIXED, . MMGS 140

(OPT,ERROR EXTERNAL)CHARACTER(1),. MMGS 150

NN =Ny /*SET NN TO NUMBER OFf COLUMNS #/MMGS 160

MM =My /*SET MM TO NUMBER OF RONWS OF G*/MMGS 17¢C

ERROR='D"Y,, /*PRESET ERROR INODICATOR */MMGS 180

IF NN GT O /*TEST SPECIFIED OIMENSIONS */MMGS 190

THEN IF MM GT 0O MMGS 200

THEN DOy« MMGS 210

IF 0PT=12¢ MMGS 220

THEN D0y, /*IN CASE OF MULTIPL. S*G */MMGS 230

NN =MMy . /*INTERCHANGE NN AND MM */MMGS 24C

MM =Ny, MMGS 25C

ENDy « MMGS 260

K =0s. MMGS 270

NEXTK.. MMGS 280

RNCNyK=K+1,y, MMGS 29C

00 I =1 TO NNy« /*REPLACE H(*) BY CURRENT ROW #*/MMGS 300

IF OPT=12¢ /*RESP. COLUMN VECTOR OF G */MMGS 310

THEN RN =I,. MMGS 320

ELSE CN =19 MMGS 330

HUI) =G (RN4CN) oo MMGS 34C

ENDy o MMGS 350

LI =1,. MMGS 360

NEXTI.. /*FOR CURRENT ROW RESP. COLUMN */MMGS 370

L =Lly. /*VECTOR COMPUTE I~TH ELEMENT #/MMGS 380

T =Cy. MMGS 390

D0 J =1 TO NNy. /#PERFORM SCALAR PRODUCT */MMGS 40C

T =T+MULTIPLY(H(J), MMGS 410

S(L),53),. MMGS 420

IF J LYt MMGS 430

THEN L =L+l, . MMGS 440

ELSE L =L+d,y. MMGS 450

END,y . MMGS 460

IF 0PT=12¢ /*TEST SPECIFIED MULTIPLICATION®*/MMGS 470

THEN RN =1y MMGS 480

ELSE CN  =1,. MMGS 490

G(RNCNI=T,. /*STORE RESULTANT ELEMENT */MMGS 500

LI =LI4],. MMGS 510

1 =I+1,. MMGS 520

IF T LE NN MMGS 530

THEN GO TO NEXTI,. /*INCREMENT 1 */MMGS 54C

ELSE IF K LT MM MMGS 550

THEN GO TO NEXTK,. /*INCREMENT K */MMGS 560

ERROR='Q",, /*SUCCESSFUL OPERATION */MMGS 570

END, . MMGS 580

ENDy o /%END OF PROCEDURE MMGS */MMGS 590
Purpose:

MMGS calculates G « S if OPT='1'

S . Gif OPT='2'

where G is a general and S a symmetric matrix.

Usage:

CALL MMGS (G, S, M, N, OPT);

G(M, N) -

S(dimension) -

M -

OPT -~

BINARY FLOAT [(53)]

Given general M by N matrix.
Resultant product matrix G « S or
S-+G.

BINARY FLOAT [(53)]

Given symmetric N by N or M by M
matrix stored in compressed form in
a one-dimensional array, lower tri-
angular part rowwise.

BINARY FIXED

Given row dimension of matrix A.
BINARY FIXED

Given column dimension of matrix A.
CHARACTER (1)

Given option for selection of operation.
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Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the poséible error condition
that may be detected:

ERROR ='D' means errors in specified dimen-
sions M, N. Any value of OPT different from '2' is
treated as if it were '1'.

Scalar products are accumulated in double-
precision arithmetic.

Method:
Standard multiplication is performed; the general

product is generated in the storage locations
occupied by G.
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e Subroutine MMGT

MMGT.. MMGT 10
/REEE Sk /MMGT 20
7% */MMGT 30
/% MULTIPLY A GENERAL MATRIX WITH ITS TRANSPOSE */MMGT 40
/% */MMGT S0
/ *x R R K xkRxkE/MMGT 60
PROCEDURE(A,MyN,OPT,S),. MMGT 70
CECLARE MMGT 80
(AL% %), S(*)) MMGT 90

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MMGT 100

1% BINARY FLCAT(53), /*DOUBLE PRECISION VERSION /*D*/MMGT 110
T BINARY FLOAT(53), MMGT 12C

(MyNy T3 TE4dyJJdyKyl) MMGT 130

BINARY FIXED, MMGT 140
(OPT,ERRCR EXTERNAL)CHARACTER(1),. MMGT 150

11 =My . MMGT 160

MMGT 170

/*PRESET ERROR INDICATOR */MMGT 180

/*TEST SPECIFIED DIMENSIONS */MMGT 190

THEN IF JJ GT O MMGT 200

THEN DO, . MMGT 210

IF QpT='2" /*CHECK SPECIFIED MULTIPLIC. */MMGT 220

THEN DGy . MMGT 230

JJ =Ilse /*INTERCHANGE II AND JJ IN CASE*/MMGT 240

11 =Ny /*0F PRODUCT TRANSPOSE(A)*A */MMGT 250

ENDy « MMGT 260

Lyl =1, MMGT 270

NEXTL.. MMGT 280

K =ls. MMGT 290

NEXTK. . MMGT 300

T =Cyo MMGT 310

IF opPT=12" /*CHECK SPECIFIED MULTIPLIC. */MMGT 32C

THEN DG J =1 TQ JJy. /*TRANSPOSE(A)*A IS PERFORMED */MMGT 330

T =T+MULTIPLY(A(J, 1), MMGT 340

ACJ,K) 4530, MMGT 350

ENDy o MMGT 360

ELSE DO J =1 TO JJy. /%*A%TRANSPOSE(A) IS PERFORMED */MMGT 370

T =T+MULTIPLY(A(I,J), MMGT 380

A(KyJ) 9530, MMGT 390

ENDy . MMGT 400

S(L) =T,. /*STORE RESULTANT ELEMENT S(L) */MMGT 410

L =L+1ly. MMGT 420

IF K LT I MMGT 430

THEN DO, . /*INCREMENT K */MMGT 440

K =K+ly. MMGT 450

GC TC NEXTK,. MMGT 460

ENCy « MMGT 470

ELSE IF I LT II MMGT 480

THEN DOy . /*INCREMENT 1 */MMGT 490

=I+1y. MMGT 500

GC TO NEXTI,. MMGT 51C

END, . MMGT 520

E=308=0Cr, . /*SUCCESSFUL OPERATION */MMGT 53C

ENDy . MMGT S54C

ENDy . /*END OF PROCEDURE MMGT */MMGT 550
Purpose:

MMGT calculates A - AT if OPT="1"
AT - AifopPT =2
Usage:
CALL MMGT (A, M, N, OPT, S);
AM, N) - BINARY FLOAT [(53)]
Given M by N matrix.
M - BINARY FIXED
Given row dimension of A.
N - BINARY FIXED
Given column dimension of A.
CHARACTER()
Given option for selection of
operation
S(dimension) - BINARY FLOAT [(53)]
Resultant symmetric product matrix,
stored in compressed form in a
one-dimensional array.
Dimension is M- (M+1)/2 if OPT="1"
and N. (N+1)/2 if OPT='2!,

OPT -



Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='D' means errors in specified dimen-
sions M, N. Any value of OPT different from '2' is
treated as if it were '1'.

Scalar products are accumulated in double-
precision arithmetic.

Method:
Standard multiplication is performed; A - AT is

symmetric M by M, while AT . Ais symmetric
N by N.

e Subroutine MPRM

MPRM, MPR™ 10

JEEREREEESE SR SR AR EER /MPRM 20
/% */MPRM 30
/% PERMUTE THE ROWS OR, IF OPT = *C*, THE COLUMNS OF A */MPRM 40
7% MATR X */MPRM SO
/% */MPRM 60
JEEERER RS ERRREERE /MPRM 70
PROCECURE(A, My N, T,0PT, INV),. MPRM 80
CECLARE MPRM  9C
(AL%,%),40) Moaw 100

BINARY FLCAT, /*SINGLE PRECISION VERSION /#S%/MPRM 110

/% B8INARY FLCAT(52), /*DOUBLE PRECISION VERSION /#D%/MPRM 120

(MyNyTO*) 4 LE,TI,04Js1A,DI,1IT) MPRM 130
BINARY FIXED, MPRM 140
(GPT,INV,ERRGR EXTERNAL)CHARACTER(1),. MPRM 150
ERRCR='D",. /#*PRESET ERROR INDICATOR */MPRM 160
IF ™ GT C /*TEST SPECIFIED DIMENSIONS */MPRM 170
THEN IF N GT € MPRM 180
THEN D7, . MPRM 190
ERECR=1CY,, MPRM 200

IF CPT=1C* /*IF COLUMNS SHOULD BE MOVED  */MPRM 210

THEN [E =Ny . /%SET 1E TO NUMBER OF COLUMNS */MPRM 220
ELSE IE =M,. /*RESP. NUMBER OF ROWS IF NOT &/MPRM 230

IT =IEy. MPRM 240
Ol,IA=1,. MPRM 250

IF INv="]" MPRM 26C
THEN DO,y. MPRM 270

1A =IEy. MPRM 280

IE =DI,. MPRM 29C

oI ==01I,. MPRM 300

ENC, . MPRM 310

DC I =14 TO IE BY DI,. MPRM 320

TI =TI}y, /*SET YL TO T(I) */MPRM 330

IF 7T NE I /%1S INTERCHANGE STEP NEEDED  */MPRM 340

THEN DC,. MPRM 350

IF TI GT 0 /*IS ELEMENT OF T VALID */MPRM 360

THEN IF TI LE IT MPRM 370

THEN 0Q,. MPRM 380

IF 2pT=1C* /3CHECK SPECIFIED QPERATION */MPYM 390

/*INTERCHANGE COLUMNS I AND T1 */MPRM 400

THEN 00 J =1 TO M™,. MPRM 410

aJ =ALJy 1)y, MPRM 420

A, 1)=A0J,TI),. MPRM 430

AlJ,TI)=A4,. MPRM 440

END,y. MPRM 45C

/*INTERCHANGE ROWS I AND TI */MPRM 460

ELSE DO J =1 TO N,. MPRM &47C

Ly =A(1,d),. MPR™ 480

AL, J)=A(T1,40),. MPRM 490

ALTI,d)=Ay,. MPRM 500

ENDy. MPRM 510

GOTO END,. MPRM 520

END, . MPRM 53C

EFGQR=1'T /*T CONTAINS INVALID ELEMENTS #/vpRM S4C

END.. MPRM 550
END,. MO3M 56C

ENC, - MORW 57C

END,y . uo2aw 5g0

ENDy . /*END OF PROCEDURE MPRM */MDRM EQn

Purpose:

MPRM permutes rows (if OPT ='R') or columns (if
OPT='C") of a given matrix A according to the
permutation P (if INV='0") or its inverse P! (if
INV="1")., The permutation P is given in the form
of its transposition vector T.

Usage:
CALL MPRM (A, M, N, T, OPT, INV);
A(M,N) - BINARY FLOAT [(53)]

Given M by N matrix.
Resultant matrix.

M - BINARY FIXED
Given number of rows of A.
N - BINARY FIXED

Given number of columns of A.
T(range) - BINARY FIXED
Given transposition vector. Its dimen-
sion range equals M if OPT='R' and N
if OPT='C".
CHARACTER(1)
Given option specifying row or column
permutation.

OPT -
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INV - CHARACTER(1)
Given option specifying whether permu-
tation P or inverse permutation plis
applied.

Remarks:

If no errors are detected in the processing of data,

the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:

ERROR="'D' means error in specified dimensions.
ERROR='T' means invalid transposition vector.

If some element t; of T does not satisfy 1 <t; <

range (invalid transposition vector),: then the value
of this element is interpreted as if it were equal to

i (no interchange).

Any value of OPT different from 'C' is inter-
preted as if it were 'R'.

Any value of INV different from '1' is inter-
preted as if it were '0'.

Method:

Permutation of A is performed by successively
interchanging rows (if OPT ='R') or columns (if
OPT='C"), i and t; for i = 1 up to range if INV="0'
and for i = range down to 1 if INV ='1',

In case i = tj no interchange takes place.

Mathematical Background:
The resultant A is calculated as the product

I ° I

m, t m-1,t | A
m m

-1 L 1;1

if OPT='R', INV='0'

I * I | A
"1
,tl 2,t2 m,tm

if OPT='R', INV="1"

A1 - I

1
Lt

2 o, tn

2,t
if OPT ='C", INV='0"

A1 -1 NS |

ot nLt 1,t

1
if OPT='C", INV="1"

For notational details see MPIT.
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o Subroutine MTPI

MTPI.. MYP T

I PO, /uTPL
/% ®/MTD]
’* CALCULATE PERMUTATION VECTGR (OR ITS INVERSE IF INV ='1°) */NTPI
A CORRESPONCING TC GIVEN TRANSPOSITION VECTOR */mT01
/* N */MTPL
7MTPI

PROCEDURELT,N,INV,P) . uTPI
DECLARE mTPL
(TUR) Ny P(*) 31, 1T1,4PI,TI,4LN) mMyPY

BINARY FIXED, MTPI
(INV,ERROR EXTERNAL)CHARACTER(1),. vrpl

1 =0y. ¥TPL

11 =l1,. MTPI

LN =N, MTPI

IF LN GT ¢ /#TEST SPECIFIED DIMENSION */MTPI
THEN DO, . MTPI
NEXTI.. /#PRESET PERMUTATION VECTTR  */MTPI
1 =I+l,. /%70 IDENTITY PERMUTATICN */MTPI

PUI) =1,. »TPIL

IF T LT N MTPI

THEN GO TG NEXTI,. MTPL

IF INV NE '1°
THEN I =ls.

/*SHOULD THE INVERSE PERMUTAT. */MTPI
/*VECTOR BE GENERATED */MTPI
ELSE II ==Ily. uYPI
ERROR="'0", ., /*PRESET ERROR INDICATOR */MTPIL
FEP.. MTPI

TI =T(I)y. /*REPLACE TI BY T(I) */MTPI

IF TI GT C /*1F (1,TI) IS A VALID */NTPI

THEN IF TI LE LN /*TRANSPCSITION THEN */mTP1
THEN DCo,e. /*INTERCHANGE P(1) AND P(TI) */MTPI

PI =P(1),. mTPI

PUI) =P(TI),. MTO[
PITIN=PI,. MTPI

GOTO STEP,. MYPI

ENDy . MTPI
ERROR=1T"',. /*MARK INVALID TRANSPOSITION */MTPY
STEP,. TPl
1 =1+11,. MTPI

IF 1T LEN /*HAS 1 ITS FINAL VALUE */MTPY
THEN IF I GE 1 . vTPI
THEN GO TC REP,. MTPI

NDy o “TPI

ELSE ERRTR='0"',y. /*ERRCR IN SPECIFIED DIMENSION */MTPI
ENDy . /*END OF PROCEDURE MTPI */MTPI

Purpose:

MTPI calculates the permutation vector if INV="'0'

and the inverse permutation vector if INV='1' from

a given transposition vector.
Usage:
CALL MTPI (T, N, INV, P);

BINARY FIXED

Given transposition vector.

N - BINARY FIXED

Given dimension of vectors T and P.
CHARACTER(1)

Given option for selection of operation.
BINARY FIXED

T(N) -

INV -

P(N) -

Resultant vector containing the permutation

vector of permutation or inverse
permutation.

Remarks:

If no errors are detected in the processing of data,

the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected:

ERROR="'D' means N is less than 1.

ERROR='T' means T contains elements outside the

range (1, N).

A value of INV different from '1' is interpreted as if

it were '0'.




Method:

Vector P is preset to the identity permutation
P=(1,...,N). Interchanging successively the
components i and t; within P results in the permu-
tation vector belonging to T if i runs from 1 up to N
and to the inverse permutation if i runs backward
from N down to 1.

Mathematical Background:

See MPIT for notation and definitions on permuta-
tion and transposition vectors.

The permutation vector P=(py, ..., pp) corre-
sponding to the transposition vector T = (t1,-.-,tn)
is defined through:

1k, p, |- L ¢ T - = 0 I

The elementary matrices Ijk are symmetric and
orthogonal, that is,

Therefore, the inverse permutation vector is
defined by:

I[k,qk]= I.l,tl- Iz,tz"'In,tn' I

Programming Considerations:

For valid transposition vectors it is necessary that
l<tij<nforalli=1,2,...,n. As soon as a given
transposition vector is detected nonvalid, the error
indicator is set to T and further calculation is
bypassed.

o Subroutine MPIT

MPIT.. MPIT 10
%% MPIT 20
Al */MPIT 30
Al CALCULATE THE INVERSE PERMUTATION VECTOR OR, IF OPT = *T¢, */MPIT 40
/% THE TRANSPOSITION VECTORS OF THE GIVEN AND INVERSE */MPIT SO
1% PERMUTATIONS */MPIT 60
1% */MPIT 70
/ /MPIT 80
PROCEDURE(PyN,OPT,PI),. MPIT 90
DECLARE MPIT 100
(P(*)yNsPI(*),LNyJ,PL,P2) MPIT 110

BINARY FIXED, MPIT 120
(OPT,ERROR EXTERNAL)CHARACTER(1),. MPIT 130

LN+sJ =N,. MPIT 140

IF LN GT O /*TEST SPECIFIED DIMENSION */MPIT 150
THEN DO, . MPIT 160
REP.. MPIT 170
PI(J)=0,. /*PRESET RESULTING VALUES IN  */MPIT 180

J =J-1y. /*0RDER TO CHECK PERMUTATION  */MPIT 190

IF J 6T 0 MPIT 200

THEN GO TO REP,. MPIT 210
ERROR="P*,, /*PRESET ERROR INDICATOR */MPIT 220

NEXTJ.. MPIT 230
J =J+l,. MPIT 240

Pl =P(J),y. /*SET P1 TO P(J) */MPIT 250

IF P1 LE LN /*FEASIBILITY TEST.. */MPIT 260

THEN IF P1 GT C /*1S 1 LE P1 LE N» AND IS */MPIT 270

THEN IF PI(P1)=0 /*P1 DIFF. FROM PREVIOUS VALUES*/MPIT 280

THEN DO, . MPIT 290
PI(PL)=Jd,y. /*SET P1-TH ELEMENT OF PI TO J */MPIT 300

IF J LT LN /*HAS J ITS FINAL VALUE */MPIT 310

THEN GO TO NEXTJ,. MPIT 320

ERROR='0",. /*VALID PERMUTATION VECTOR */MPIT 330

IF OPT=1T* /*IF SPECIFIED THEN TRANSPOS. */MPIT 340

THEN DO J =1 TO LN,. /*VECTORS ARE CALCULATED */MPIT 350

Pl =P(J)y. MPIT 360

P2 =PI(J),. MPIT 370

PLP2)=P1,. MPIT 380

PI(PL)=P2,. MPIT 390

END,y. MPIT 400

ENDy MPIT 410

ve MPIT 420

ELSE ERROR='D',. /*ERROR IN SPECIFIED DIMENSION */MPIT 430
ENDy. /*END OF PROCEDURE MPIT */MPIT 440

Purpose:

MPIT calculates the permutation vector corre-
sponding to the inverse of a given permutation if
OPT='T' and the transposition vectors of the given
permutation and of its inverse if OPT="'T".

Usage:
CALL MPIT (P, N, OPT, PI);

P(N) - BINARY FIXED
Given permutation vector of given
permutation.
Resultant transposition vector of given
permutation if OPT='T'; otherwise,
unchanged.
N - BINARY FIXED
Given dimension of vectors P and PI.
CHARACTER(1)
Given option for selection of operation.
PI(N) - BINARY FIXED
Resultant permutation vector of inverse
permutation if OPT='T' or transposition
vector of inverse permutation if OPT='T".

OPT -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR="'D' means N is less than 1.
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ERROR='P' means given permutation vector P is
not a valid permutation vector. A value of OPT
different from 'T' is treated as if it were '"T'. PI
cannot coincide with P in case OPT='T".

Method:

In case OPT="I' as well as OPT='T"' the first step
is calculation of the inverse permutation vector PI
combined with a check on the feasibility of given
permutation vector P.

If OPT='T"' a second step is performed which
replaces the permutation vectors by the corre-
sponding transposition vectors simultaneously.

Mathematical Background:

Elementary matrices I

The elementary matrix Ij; is obtained from the
identity matrix I by interchanging rows k and 1.
Multiplication of a matrix A on the left by an I of
compatible dimensions results in an interchange of
rows k and 1 of A, while multiplication on the right
interchanges columns k and 1. An interchange of
two elements is also called a transposition. Note
that Iy is symmetric and orthogonal:

T -1

=~

Permutation vector

Let N* denote the set of integers {1,2,...,n}. A
permutation is a one-to-one function that maps N*
onto N*. Tt is fully described by the ordered
n-tuple (s1, Sg,- -, sp) called a permutation vector,
where s; € N* is the function value corresponding to
argument i ¢ N*. Applying the permutation
(s15---58p) on the rows of the n by n identity
matrix I results in an orthogonal matrix Ik, sk .
The notation indicates that the k-th row is identical
with the sk—th rowof I forallk=1,2,...,n.

If an n by n matrix A is multiplied on the left by
I[k, sk], its rows get permuted according to the
permutation vector (s1, 89, ..., Sp)-

Permutation of columns is similarly performed
multiplying by the permutation matrix
T [k, sk] = I[sk, k] on the right-hand side.

Transposition vector

An n-term product I ty " In-1,tp_q Iy, ¢, cor-

responds uniquely to a permutation matrix IB{, sk].
The ordered n-tuple (ty,to, ..., t,), which fully
describes the above transposition product, is
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called a transposition vector. The correspondence
between permutation vectors and transposition
vectors is not one to one: a given permutation
vector (s1, Sg, . . ., Sy) corresponds to several dif-
ferent transposition vectors if n > 2. A uniquely
determined transposition vector is obtained under
the additional restriction t; > i.

The transposition vector comes in naturally when
pivoting is used with Gaussian elimination technique.
If, at the j-th elimination step, rows j and tj must
be interchanged for j=1,...,n, then (t1,tg,...ty) is
the transposition vector of the permutation that was
applied to the rows of the original matrix. This
transposition vector is uniquely determined since
ti 21.

Permutation vector of the inverse permutation

The inverse P~1 of a permutation P = (py, ..., Pp)
has function value i corresponding to argument p;.
Let Q= (41, ..., Gp) be the permutation vector of
Pl 1 [k, px] is orthogonal -- that is,

"1 [k, p] =1T [k, py] . Therefore, I[k, qx]=
I[py, k]. Since I[k, ag]=1[pk, ap ] , it
follows by comparison gp;. = k.

Transposition vector of permutation

The calculation of the transposition vector T = (i3,
to, +.., tpy) corresponding to the permutation
vector P = (P1, P9, ..., Pp) is based on the identity

1[k pe] - T, 95=1[k pg’] @)
with P’ = (pl" sy pn’) = (P]_, eeey Pi-1s i,
pi+1’~--7 pq1_17 qiypqi+1a"-ypn)

Applying identity (1) successively fori=1, 2, ...,
n leads to

Ik o] T gyt T2ty e In,ty =1
or

I [k, pk] = In,tn . In - 1:tn-1 e 12’ t2 *

Il, t1
It is interesting to note that combining the calcula-
tion of transposition vectors of P and p-1l greatly
improves the efficiency.

Programming Considerations:

The check on validity of the given permutation vec-
tor is performed so that all components of the



vector PI are preset to zero. At the i~th step of the
calculation of the inverse permutation vector, pj is
checked for 1 < p;< n, and Ip; is checked for zero.
If both restrictions are met Qp; is reset to i. Other-
wise, the error indicator is set to 'P' and further
calculation is bypassed.

Linear Equations and Related Topics

o Subroutine MFG

MFG.. MFG 10
/ *xx/MFG 20
7% */MFG 30
/* FACTORIZE A GENERAL NON-SINGULAR MATRIX A INTO A PRODUCT */MFG 40
1% OF A LOWER TRIANGULAR MATRIX L AND AN UPPER TRIANGULAR */MFG 5C
/* MATRIX U QVERWRITTEN ON A, OMITTING UNIT OIAGONAL OF U */MFG 60
/% /MFG 70
/ EE L] TREER /MFG 8C
PROCEDURE(A,IPERsN,EPS)y . MFG 9C
DECLARE MFG 100
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFG 110
EPS BINARY FLOAT, MFG 120
W BINARY FLOAT(53), MFG 130
{A(*,%) ,H,R) MFG 140
BINARY FLOAT, /*SINGLE PRECISION VERSION /*Sx/MFG 150
/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MFG 160
(IPER(*), I, INDyJsKyLyLNyMyN) MFG 170
BINARY FIXED,. MFG 180
LN =Ny MFG 190
IF LN LE O /*TEST SPECIFIED DIMENSION */MFG  2CC
THEN 00, . MFG 21C
ERROR='P", /%P MEANS WRONG PARAMETER */MFG 220C
GO TO RETURN,. MFG 230
END,y . MFG 240
ERROR='0",. /*PRESET ERROR INDICATOR */MFG 250
/7 /MFG 260
DO L =1 TO LN,. /*CALCULATE SCALING FACTORS */MFG 270
R =0y / /MFG 280
DO J =1 TO LN,. /*COMPUTE ABSOLUTELY GREATEST */MFG 290
H =ABS(A{L,J)),. /*ELEMENT R IN EACH ROW OF A */MFG 300
IF H GT R MFG 310
THEN R =H,. MFG 320
END, . MFG 33C
IFR =0 /*TEST FOR ZEROS IN ANY ROW */MFG 340
THEN DO, . MFG 350
ERROR='S"',. /*ANY ROW IN GIVEN MATRIX A */MFG 360
GO TO RETURN,. /*1S ZERO */MFG 370
ENDy o MFG 380
/*STORE R IN AN INTEGER VECTOR */MFG 390
ELSE UNSPEC(IPER(L))=UNSPEC(R),. MFG 40C
END, . / /MFG  41C
/*GAUSS ELIMINATION */MFG 420
DO L =1 TO LN,. /xx /MFG 430
UNSPEC(M)="1"'8,. /*PRESET M AS SMALLEST INTEGER */MFG 440
DO J =L TO LN,. /*MODIFY COLUMN, SEARCH PIVOT #*/MFG 450
WeH =A(J,sL)y. /*SAVE ELEMENT */MFG  46C
D0 K =1 TO L-1,. /*COMPUTE SCALAR PRODUCTS */MFG 470
W =W=MULTIPLY(A(J,K)sA(K,L)+53),. MFG 480
END». MFG  49C
AlJ,L)=W,. /*UPDATE ELEMENT */MFG  50C
L] =ABS(W),. MFG 510
UNSPEC(T)=UNSPEC(W),. MFG 520
1 =I-IPER(J) . /*DIFFERENCE OF EXPONENTS */MFG 530
IF I GT M /*SEARCH FOR LARGEST DIFFERENCE®/MFG 540
THEN DC,. MFG 550
IND  =J,. /*STORE ROW-INDEX X/MFG 560
L] MFG STC
R /*SAVE ORIGINAL ELEMENT FOR *#/MFG 580
END, . /*TEST ON LOSS OF SIGNIFICANCE */MFG 590
ENDy . MEG 600
IF IND GT L /%1S INTERCHANGE NECESSARY */MFG 610
THEN DO, . MFG  62C
IPER(IND)I=IPER(L),. /*RESTCRE PERMUTATION VECTOR */MFG  63C
g 00 J =1 TO LN,. /*INTERCHANGE ROWS 7TF MATRIX A */MFG 6€4C
! H =AlLyJddy. MFG  65C
A A{L,J)=ALIND,J),. MFG  66C
ACINDyJ)=Hy. MFG  67C
END,. MFG 680
END, . MFG  69C
IPERI(L)=IND,. /*STORE ROW NUMBER ®*/MFG 700
H (Lsl)ye /%4 CONTAINS THE PIVOT */MFG 710
IF ABS(H) LE ABS(EPS*R) /*TEST PIVOT ELEMENT FOR LOSS #/MFG 720
THEN IF H NE © /*0F SIGNIFICANCE AND FOR ZERD */MFG 730
THEN ERROR='W',. /*W MEANS WARNING */MFG 740
ELSE [F R = C /%1S CRIGINAL ELEMENT ZERQO */MSG 750
THEN DO,. MFG 760
ERRCR='S7,. /*CALCULATED PIVOT AMD THE */M5G  T7C
GO TQ RETURN,. /*0RIGINAL ELEMENT ARE ZERQ */MFG 780
END, . MFG  79C
ELSE DO . /*CORRECT ZERN PIVOT */MFG  80C
H =R¥1E-Ty. /*SINGLE PRECISION CORRECTION */MFG 810
/% H =R*1E-16,. /% DOUBLE PRECISION CORRECTION */MFG 820
ERRGR='C*,. /*WARNING AND CORRECTINN */MFG 83C
END, . MEG 840
D0 J =L+1 TO LN,. /*EXECUTE LOOP OQVER L-TH ROW */MFG 850
w MFG 860
=1 TO0 L-1,. /*CALCULATE SCALAR PRODUCTS */MFG 870
=WHMULTIPLY(A(L,K) ;A(KyJ)453),. MFG  A8’C
END,y. MFG  89C
AlLsJ)=C(A(LyJ)~W)/Hy. /*COMPUTE NEW ELEMENT */MFG 900
END,y . MFG 91C
END»y o MFG  92C
RETURN. . MEG  93C
END,y . /*END OF PROCEDURE MFG */MFG 940
Purpose:
MFG factorizes a general nonsingular matrix A
into a product of a lower triangular matrix L and
an upper triangular matrix U overwritten on A,
omitting the unit diagonal of U,
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Usage:
CALL MFG (A, IPER, N, EPS);
AN, N) - BINARY FLOAT [(53)]
Given two-dimensional array.
Resultant calculated triangular
factors L and U, where unit diagonal
of U is not stored.
BINARY FIXED
Resultant vector containing the per-
mutations of rows of the matrix.
N - BINARY FIXED

Given order of matrix A.

IPER(N) -

EPS - BINARY FLOAT
Given relative tolerance for test on
loss of significant digits.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:

ERROR='P' means error in specified dimension
N<0

means that any row in the given
matrix A is zero or that any calcu-
lated pivot and the corresponding
original elements are zero; this
implies that the given matrix A is
singular.

indicates correction. Any calculated
zero pivot is modified to R+10~7 in
single precision (R+10~16 in double
precision if the corresponding
original element R is nonzerv).
indicates a warning. A possible
loss of significance may occur.

ERROR="S'

ERROR='G'

ERROR='W'

If at any factorization step the calculated pivot is
equal to zero, the corresponding original element
R is tested for zero. The given matrix A is inter-
preted as being singular if R is zero. MFG sets
error indicator ERROR to 'S' and further calcula-
tion is bypassed. If R is not zero, pivot is cor-
rected to R-10~7 (in double precision R: 10"16) and
ERROR is set to 'G'.

Method:

Calculation of the triangular factors L and U is done
using the standard Gaussian elimination technique.
Columnwise pivoting is builtin, combined with scaling
of rows (equilibration). The upper triangular ma-
trix U is normalized so that the diagonal contains

all ones, which are not stored. The given matrix
A is overwritten by the resulting triangular factors
L and U, omitting the unit diagonal of U.

For reference, see:

H.J. Bowdler, R.S. Martin, G. Peters, J.H.
Wilkinson, "Solution of Real and Complex Systems
of Linear Equations', Numerische Mathematik,
Vol. 8, 1966, pp. 217-234,

A. Ralston and H.S. Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 69-71.

Mathematical Background:

Let A be a nonsingular real matrix of order n, In
general, it can be factorized into a product

A=L-T

where L and U are lower and upper triangular
matrices respectively; U is chosen so that it has a
unit diagonal.

The elements li.k and uy, of the factor matrices L
and U are computed using the following recursive
formulas:

k-1
li.kzaik— 1 u
m=1 m mk
i=1,2,...,N
k=12,...,1
i-1

1
Ui TT. @ T 2 Lim® Yt

ii m=1
i=1,2,..., N-1

k=i+1,.o¢,N

Programming Considerations:

Even if the given matrix A is nonsingular and well
conditioned, the process can fail when a leading
principal submatrix of A is singular; furthermore,
the process is numerically unstable whenever a
leading principal submatrix is ill conditioned.

In order to avoid these inconveniences, a tech-
nique of partial pivoting with an equilibration of the
matrix has been introduced in MFG. Initially, the
element with greatest absolute value -- say,
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W; (171, 2, ..., N), of each row of A is computed.
The scaling factors W; are used as weights for
pivoting.

The p-th factorization step is as follows:

1. Computation of the p-th column of I.:

p-1
L =2y - 2 Lim  %m
p ip = P
and overwrite 1i on a;, i=p, ptl, ..., N)

2. Equilibrated partial pivoting:

Choose k so that

| "ol { | Mp]
= MAX —
Wk izp 1Wi

Store the integer k in the vector l'PER and,
if k > p, interchange the k-th and p—th Trows.
Then lpp is the next pivot.

3. Computation of the p-th row of U:

p-1
1
Uoi 71 (api - Z 1pm CUnd
jus m=1

and overwrite u_.on a_.
pi ap1

(i=ptl, p+2,...,N)

The diagonal terms of U, which are 1, are not
stored. For economy of storage, the scaling
weights W; are initially stored in the vector IPER,
This is done using the PL/I function UNSPEC,
which stores W; in internal coded representation.
This allows substltutmg 'subtractions for divisions
in the choice of pivots.

If at factorization step p the pivot 1. becomes
zero, the corresponding original element ap
tested for zero. The given matrix A is interpreted
as being singular if app is also zero. MFG sets
error indicator ERROR to 'S' and further calcula-
tion is bypassed. In other cases zero pivot is
modified to:

10”7

in the single precision
a version
Pp pp

10716 in the double precision
version

o Subroutine MFS

MFS.. MES 10
/xx R R R KRR AR AR AR RR R AR AR RS SRR AR K RRKKE/MES 20
/% */MFS 3C
/% FACTORIZE SYMMETRIC POSITIVE DEFINITE MATRIX */MES 40
Al */MFS 50
7 s KRR K * % Rk kR KRR KRR /MF S 60
PROCEDURE(AINJEPS) 4. MFS 70
DECLARE MFS 8C
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFS 90

EPS BINARY FLOAT, MES 100

SUM BINARY FLOAT(53), MFS 110

Alx) MFS 120

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*/MFS 130

/% BINARY FLCAT(53), /*DCUBLE PRECISION VERSION /*D*/MFS 140
(IND T8, K,KLyLyN) MFS 150
BINARY FIXED,. MFS 160

IF N LE C /*TEST SPECIFIED DIMENSION */MFS 170
THEN 00, . MFS  18C
ERROR=1P', ., /%P MEANS WRONG PARAMETER */MFS 190
GO TO FETURN,. MFS 200
END,y . MFS  21C
ERROR='0",. /*PRESET ERROR INDICATOR */MFS 220
IND =0,. /*INITIALIZE ROW~LOOP */MFS 230
18 =ly. MFS  24C
DO K =1 TO N,. /*EXECUTE LOOP OVER ALL ROWS  #/MFS 25(C
KL =Cs. MFS 260
LOOP. . /*PERFORM LOOP WITHIN K-TH ROW */MFS 270
SUM  =0,. MFS  28C
D0 L =IB TO IND,. /*CALCULATE SCALAR PRODUCT */MFS 290
KL =KL+1,y. MFS  3C0
SUM  =SUM#MULTIPLY (A(L) 44(KL) 453),. MFS 310
END,y o MFS 320
KL =KL+1,. MFS 330
IND =IND+1,. MFS 340
SUM  =A{IND)-SUM,. MFS  35C
IF IND GT KL /*1S AUIND) ON DIAGONAL */MFS 360
THEN 00, . MFS 370
ACIND) =SUM/ALKL) . /*CALCULATE NON-DIAGONAL TERM */MFS 380
GG TO LOOP,. MFS 390
END,y « MFS 400
IF SUM GT ¢ /*TEST SIGN COF RADICAND */MFS 410
THEN DO,y . /*POSITIVE RADICAND */MFS 420
IF SUM LE ABS(EPS*A(IND))/*TEST ON LOSS OF SIGNIFICANCE */MFS 430
THEN ERROR='W?,, /%W MEANS WARNING */MFS 440

ACIND)=SQRT(SUM),. /*CALCULATE NEW DIAGONAL TERM */MFS 450

END, . MES 460

ELSE OC,. /*NEGATIVE RADICAND */MES 470
EFFOR=1S",. /%S MEANS MATRIX A IS NOI */MFS 480

N =K1, /#POSITIVE DEFINITE £/MFS 490

GO TO RETURN,. /*REDUCE DIMENSION OF LOWER  #/MFS 500

END, . /*TRIANGULAR FACTOR */MFS 510

18 =I8+K,. MES 520

END, . MFS 530

RETURN. . MFS 540
END. /*END OF PROCEDURE MFS */MES 550

Purpose:

MF'S computes a triangular factorization of a sym-
metric positive definite matrix using the square root
method of Cholesky.

Usage:
CALL MFS (A, N, EPS);

A(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array con-
taining the matrix A stored row-
wise in compressed form,
Resultant calculated lower triangular
factor T stored rowwise in com-
pressed form.,

N - BINARY FIXED
Given order of matrix A.
Resultant order of the triangular
factor T.

EPS - BINARY FLOAT
Given relative tolerance for test on
loss of significant digits.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

Mathematics--Matrix Operations--Linear Equations 25



following constitutes the possible error conditions
that may be detected:

ERROR='P' means error in specified dimension:
N<0

ERROR='S' means given matrix A is not positive
definite, possibly because of severe
loss of significance.

ERROR='W' is a warning. A possible loss of

significance could occur.

The lower part of the given symmetric matrix, A,
is assumed to be stored in compressed form ~- that
is, rowwise in N*(N+ 1)/2 successive storage lo-
cations. On return the lower triangular factor T is
stored in the same way.

Method:

Factorization is done using the square root method
of Cholesky, which generates a lower triangular
factor matrix T such that

T ¢ transpose (T) =A

The given matrix, A, is replaced in core by the
resultant matrix, T.

For reference, see:

J. H. Wilkinson, The Algebraic Eigenvalue Prob-
lem. Clarendon Press, Oxford, 1965.

A, Ralston and H.S, Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 71-72,

Mathematical Background:

The elements t.. of the lower triangular matrix T
are computed uging the following recursive
formulas:

t,, = S 2
kk akk - Z tkm
m-1
k-1
aik - Z tim tkm
m=1

t., = ,

ik "k

i=k+1, ..., N, k=1, ..., N

i
(Y, istobe interpreted as zero when j< 1.)
=1

The determinant of A may be computed by the
formula:

N 2
det(A) =T
o ek

Programming Considerations:

The given symmetric matrix A is assumed to be
stored in compressed form. The resultant lower
triangular factor T is returned in the locations of A,

If at factorization step k (k=1, 2, ..., N) the
radicand is not positive, the error parameter
ERROR is set to 'S', N to k-1, and further calcula-
tion is bypassed.

The error parameter ERROR is set to 'W' if any
calculated radicand ¢ = r - SUM is not greater than
| EPS- r | , where r is the original diagonal term
and SUM a scalar product sum.

1t should be noted that Cholesky factorization is
done without pivoting.
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e Subroutine MFSB NUD - BINARY FIXED
Given number of upper codiagonals
MFSB.. MFSB 10 of A,
*k TS /MFSB 20
i - */MESB 30 EPS - BINARY FLOAT
/% FACTORIZE A GIVEN POSITIVE DEFINITE N BY N MATRIX A */MFSB 40
/% WITH SYMMETRIC BAND STRUCTURE (NUD UPPER CODIAGONALS) x/nigg Zg Given relative tolerance for test
7% #/M
S B RoCEouRE a7 51 o "Wess a0 on loss of significant digits.
DECLARE MFSB 90|
ERROR EXTERNAL CHARACTER(1), /#*EXTERNAL ERROR INDICATOR */MFSB 100
EPS RINARY FLOAT, MFSB 110
SUM BINARY FLOAT(53), MFSB 120 Remarks:
(0%, #),PIV) MFS8 130

BINARY FLOAT, /%SINGLE PRECISION VERSION /#S*/MFSB 14

ERROR='P ', ,
IF LNUD LT ©

/%P MEANS WRONG PARAMETER
/*TEST SPECIFTED NUMBER OF

*/MFSB 21
*/MFSB 22

THEN GO TO RETURN,. /*UPPER CODIAGONALS */MFSB 23
IF LN LE LNUD /*TEST SPECIFIED DIMENSION N */MFSB 24
THEN GO TO RETUSN,. MFSB 25
NR =LN-LNUD, . /*INITIALIZE PARAMETERS */MFSB 26
NC s JEND=LNUD+1,. MFSB 27
DO I =1 TO LN,. /*EXECUTE LOOP OVER ALL ROWS  */MFSB 28
IF T GT NR /*MODIFY JEND AT THE END OF */MFSB 29!
THEN JEND =JEND-1,. /*THE BAND STRUCTURE */MFSB 30
KEND =NC, . /*INITIALIZE KEND AND M */MFSB 31

M =NC-1y. MFSB 32

END, .
ELSE Al1,J)=SUM/PIV,. /*MODIFY NON-DIAGONAL ELEMENT
EM

/% BINARY FLCAT(53), /*DOUBLE PRECISION VERSION /#D*/MFSB 15

(1,1DyJ+JENDKyKKyKEND, MFSB 16

LNy LNUDyMyNyNCyNR,NUD) MFSB 17
BINARY FIXED,. . MFSB 180

LN =Nyo MFSB 19
LNUD =NUD,y . MFSB 200 |

o the error indicator, ERROR, is set to zero.

o] following constitutes the possible error conditions
2 that may be detected:

0

0

§ ERROR='P' - means error in specified dimen-

S sions:

o NUD< 0 or N < NUD

9 sisting of the main diagonal and NUD upper co-

o If no errors are detected in the processing of data,
The

IF M GT C /*MODIFY KEND AT THE START OF */MFSB 33
THEN KEND =KEND-M,. /*THE BAND STRUCTURE */MFSB 340 . Y
DO J =1 TO JEND,. /*EXECUTE LOOP OVER I-TH RON  */MFSB 350 ERROR='S' - means any calculated pivot is not
1 =J=1y. /*CALULATE INCREMENT 1D */MFSB 360 o . . .
e Tl /*INITIALIZE KK AND SUM */MESS 310 positive -~ that is, given matrix A
PO K =J41 TO KEND,s. /%*COMPUTE SCALAR PRODUCT SUM */MFSB 390 is not positive definite This is
KK =KK=1y. MFSB 400 .
SUM  =SUM+MULTIPLY(A(KK,K)A(KK,K=ID)453),. MFS8 410 o
€no,. ' WESS 420 possibly due to a severe loss of
SUM  =A(1,J)-SUM,y. MFSB 430 . epe
IF g =1 /%1S A(1,J) DIAGONAL ELEMENT  */MFSB 440 S]gn]flcance.
THEN IF SUM GT C /*TEST FOR LOSS OF SIGNIFICANT */MFSB 450 ' ' . . . . .
THEN DOy /*DIGITS AND COMPUTE NEW TERM */MFSB 460 = -
071 o e asscepsench Ol nFsB 450 ERROR='"W'- is a warning indicating possible loss
THEN ERROR='W',. MFSB 480 2 Y.
PIV,A(T,J)=SORTISUM) , . MFSB 490 of Slgnlflcance.
END,. MFSB 500
ELSE DO, MFSB8 510
ERRQOF=1S1,, /%A IS NOT POSITIVE DEFINITE */MFSB 520 . .
N =l /*RESET INPUT DIMENSION N #/MESB 530 The upper part of symmetric band matrix A, con-
GO TO RETURNy . MFSB 540
MFSB 55

THEN KEnD <KEND+1, . /#UPDATE KEND IF NECESSARY o/ness 2a0 dia-gonals, is assumed to be stored rowwise in
END, . MESB 590 . 1y s .
NO, . RESB 60C array A(N, NUD+1) starting with its diagonal ele-
ERROR='01, , /*SUCCESSFUL OPERATION */MFSB 610 . .
nsrg:g;: /*END OF PROCEDURE MFSB */::: ‘Zig ments. Thus’ A(]" 1) are the dlagonal elements of
the given band matrix A (i=1, 2, ..., N). On re-
turn, the upper band factor T is stored in the same
Purpose: way in the locations of A, :

MFSB computes a triangular factorization of a sym-
metric positive definite band matrix using the
square root method of Cholesky.

Usage:
CALL MFSB (A, N, NUD, EPS);

A(N, NUD+1) - BINARY FLOAT [(53)]

Given two-dimensional array con-
taining the upper part of a sym-
metric band matrix A with NUD
upper codiagonals.

Each row starts with its diagonal
element.

Resultant calculated upper band
factor T.

BINARY FIXED

Given number of rows of matrix A,
Resultant number of rows of upper
band factor T.

Input parameters N and NUD should satisfy the
following restrictions:

0< NUD< N
Method:

Factorization is done using the square root method

of Cholesky. This generates the upper band factor
T such that

T * transpose (T) = A
The given A is replaced by the resultant T.
For reference see:

H. Rutishauser, ' Algorithmus 1 - Lineares
Gleichungssystem mit symmetrischer positiv-
definiter Bandmatrix nach Cholesky', Computing
(Archives for Electronic Computing), Vol. 1, iss.
1, 1966, pp. 77-78.
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Mathematical Background;

For the elements a,_ of a symmetric band matrix
with NUD upper codiagonals, the following is true:

age =0 if [i-k|> NUD

The elements t,, of the upper factorized matrix T
are computed using the following recursive
formula:

. i-1
b = T [aik' 2

1:mi "t k
ii m=m m
m, = max (1, k-NUD) i=1, 2, ..., N

k=i+1, ...,
min (i + NUD, N)

T
bo . e
(any symbol n§n0 Xm is to be interpreted as

zero if r < mo)

In the special case i = k (diagonal elements), the
above equation may be written:

"1 "
e = VP - 2o bt 3

k =1, 2, ..., N mq = max (1, k-NUD)

The resultant upper factor T has band structure
again, because the following is true:

t, =0 if

ik k > i+ NUD

Programming Considerations:

The upper part of the symmetric positive definite
band matrix A, consisting of the main diagonal and
NUD upper codiagonals, is assumed to be stored
rowwise in the two-dimensional array A(N, NUD+ 1)
such that A(i, 1) are the diagonal elements (i=1, 2,
.o+, N). Therefore, the elements A(i, k) of array
A with i+k> N are irrelevant; they are not touched
within MFSB. The resultant upper band factor T is
returned in the locations of A.

If, at factorization step m(m=1, 2, ..., N), the
radicand is not positive, error parameter ERROR
is set to'S', dimension N to m - 1, and further
calculation is bypassed.

The error character is set to 'W' if any calculated

radicand r=r - SUM is positive but no longer

greater than |EPS + r |, where r means the

original diagonal term and SUM a scalar product
sum,

The input parameters N and NUD must satisfy
the restriction:

0< NUD< N
Otherwise, ERROR is set to 'P',

It should be noted that Cholesky's factorization
is done without pivoting.
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e Subroutine MFGR

MFGR. . MFGR 10
/ *xk/MFGR  2C
7% */MEGR 30
/% FOR A GIVEN M BY N MATRIX A THE FOLLOWING CALCULATIONS */MFEGR 40
/% ARE PERFCRMED */MFGR SO
/% (1) DETERMINE RANK AND LINEARLY INDEPENDENT ROWS AND */MFGR 60
1% COLUMNS  (BASIS) */MFGR 70
/% (2) FACTCRIZE A SUBMATRIX OF MAXIMAL RANK */MFGR 80
/% 13) EXPRESS NON-BASIC ROWS IN TERMS DF BASIC ONES #/MFGR 90
/* (4) EXPKESS BASIC VARIABLES IN TERMS OF FREE ONES #/MFGR 100
/% */MFGR 110
7% *x%/MEGR 120
PROCEDURE(A,MyN,EPS,TRANK,IROW, ICCL),. MFGR 130
DECLARE ) MEGR 140
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MFGR 150

EPS BINARY FLOAT, MFGR 160

SUM BINARY FLOAT(53), MEGR 170

(AC%,%) HOLD 4 PIVy SAVE , TOL 4 WORK) MFGR 180

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MFGR 190

1* BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#*D%*/MFGR 200
(ICOL(*),IROW(*) 41,IC,IR, MFGR 210

INDy IRANK,J o Ko LMyLN,yM,N) MFGR 22C

BINARY FIXED,. MEGR 230

LM =My . MFGR 240
LN =N, MEGR 25C
ERRQR='P ', , /%P MEANS WRONG INPUT */MFGR 260

IF LM LT 1 /*TEST OF DIMENSION M */MFGR 270
THEN GO TO RETURN,. MEGR 280
IF LN LT 1 /#TEST OF DIMENSION N #/MFGR 290
THEN GO TO RETURN,. MFGR 3C0
ERROR='0", . /*PRESET ERROR INDICATOR */MFGR 310
/*INIT. COLUMN INDEX VECTOR */MFGR 320

PIV =0,. /%*SEARCH FIRST PIVOT ELEMENT */MFGR 330
00 J =1 TO LN,. /*EXECUTE LOOP OVER COLUMNS */MFGR 34C
ICOLGJ)=d,y. MFGR 35C

DO I =1 TO LM,. /*EXECUTE LOOP OVER ALL ROWS */MFGR 360

HOLD =A(I,J),. MFGR 370

IF ABS(HOLD) GT ABS(PIV) MEGR 380

THEN DO, . MFGR 390

PIV =HOLD,. /*SAVE VALUE AND INDEX OF THE */MFGR 400

IR =14 /*ABSOLUTELY GREATEST ELEMENT */MFGR 410

Ic =Jye MFGR 420

ENDy. MFGR 430

END, . MFGR 440C

ENDy .« MFGR 450

DO I =1 TO LM,. /+*INITIALIZE ROW INDEX VECTOR #*/MFGR 460
IROW(T)=1,. MFGR 470

END,y o MFGR 480

TOL =ABS(EPS*PIV),. /*SET UP INTERNAL TOLERANCE */MFGR 490
TRANK=0, . /MFGR 500
00 J =1 TO LN,. /*GAUSS ELIMINATION */MFGR 510

IF ABS(PIV) LE TOL / /MFGR 52C

THEN GO TO ROMW,. /+PIVOT IS NOT FEASIBLE */MFGR 530
IRANK=Jy o /*UPDATE RANK */MFGR 540

IF IR GT IRANK /#SHOULD ROWS BE INTERCHANGED */MFGR 550

THEN DO, MFGR 560

00 I =1 TO LN,. /*INTERCHANGE ROWS */MFGR 570

SAVE =A(IRANK,I),. MFGR 580

ACTRANK, 1) =ACIR,T),. MEGR 590

ACIRyI)=SAVE,. MFGR 600

ve MFGR 610

IND  =IROW(IR),. /*UPDATE ROW INDEX VECTOR */MFGR 620
IROW(TR)=IROW([RANK) y . MEGR 630
TRCW{IRANK)=IND, . MFGR 640

ENDy « MFGR 650

IF IC GT IRANK /%*SHOULD COLUMNS BE INTER- */MFGR 660

THEN DOy /*CHANGED */MFGR 670

D0 I =1 TO LM,. /%INTERCHANGE COLUMNS */MFGR 680

SAVE =A(I,IRANK),. MFGR 690

AL, IRANK)=A(T,1C,. MEGR 700

A(I,IC)I=SAVE,. MFGR 710

END,. MFGR 720

=1COLIC),. /*UPDATE COLUMN INDEX VECTOR  */MFGR 730
ICOL(IC)=ICOL(IRANKY,. MFGR 740

ICOL(TRANK) =IND, . MEGR 750

v MFGR 760

IND  =IFANK+1,. /*INITIALIZE LOOP FOR TRANS-  */MFGR T7C

SAVE =PIV,. /+FORMING CURRENT SUBMATRIX  */MFGR 780

PIV  =0,. 7%AND SEARCHING NEXT PIVCT */MEGR 790

DO I =IND TO LM,. MFGR 800
HOLD+A(T,IRANK)=A(I,IRANK)/SAVE,. MFGR 810

DG K =IND TO LN,. MFGR 820

WORK yACT 1K) =A UL, K)=HOLD*AUTRANK,K) 4+ MFGR 830

/*SEARCH NEXT PIVOT ELEMENT  */MFGR 840

IF ABS(WORK) GT ABS(PIV) MEGR 850

THEN DO,. MFGR 860

PIV  =WORK,.  /#SAVE VALUE AND INDEX OF THE */MFGR 870

IR =I,. /#ABSOLUTELY GREATEST ELEMENT +/MFGR 880

IC =Ky MFGR 890

ENDy .« MFGR 900

END,. MEGR 910

ENDy MFGR 920

END, . / /MFGR 930

ROW.. /*COMPUTE ROW DEPENDENCIES */MFGR 940
IF IRANK= LM /% /MFGR 950
THEN GO TO HCM, . /*ALL ROWS ARE BASIC ONES */MFGR 960
DO J =IRANK-1 TO 1 BY -1,. /*SET UP MATRIX EXPRESSING */MFGR 970

IR =g+l,. /%ROW DEPENDENCIES */MFGR 980

DO I =IND TO LM,. /*L0O0P FOR NON-BASIC ROWS */MFGR 990

SUM  =C,. MFGR1000

DC K =IR TO IRANK,. /*CALCULATE SCALAR PRODUCTS */MFGR1010

SUM  =SUM+MULTIPLY(A(I,K)4A(K,J)453),. MFGR1020

END,y . MFGR1030

AL J) =AU, 4)-SUM, . /4MODIFY ELEMENT */MFGR1040

ENDy . MFGR1050

END, . /x%% *x#/MFGR1060

HOM. . /*COMPUTE HOMOGENEOUS SOLUTION */MFGR1070
IF IRANK= LN / TR R /MFGR1080
THEN GO T2 RETURN,. /*ALL COLUMNS ARE BASIC ONES */MFGR1090
/*SET UP MATRIX EXPRESSING */MFGR1100

DO J =IRANK TO 1 BY -1,. /*BASIC VARIABLES IN TERMS OF */MFGR1110

IR =yel,. J*FREE PARAMETERS #/MFGR1120

DO I =IND TO LN,. /*L00P FOR FREE COLUMNS */MFGR1130

SUM  =C,. . MFGR1140

DC K =IR TO IRANK,. /*CALCULATE SCALAR PRODUCTS */MFGR1150

SUM  =SUM+MULTIPLY(A(J,K)4A(K,1)953),. MFGR1160C

END,. MFGR1170

ACIy 1I==(ACI 1)+ SUMIZAGS,d) ye MFGR1180

ENDy . MFGR1190

END, . MFGR1200
RETURN.. MFGR1210
END,y . /%END OF PROCEDURE MFGR #/MFGR1220

Purpose:

For a given general rectangular matrix, MFGR
performs the following:
1. Determines rank and linearly independent rows
and columns (basis)
2. Factorizes a submatrix of maximal rank
3. Expresses nonbasic rows in terms of basic

TOWS
4, Expresses basic variables in terms of free
variables
Usage:

CALL MFGR (A, M, N, EPS, IRANK, IROW, ICOL);

A(M,N) - BINARY FLOAT [(53)]
Given general matrix with M rows and
N columns,
Resultant calculated triangular
factors L, U and submatrices C, H, D.
M- BINARY FIXED
Given number of rows of matrix A.
N - BINARY FIXED
Given number of columns of matrix A.
EPS - BINARY FLOAT
Given relative tolerance for test on
Zero,
IRANK -~ BINARY FIXED
Resultant rank of given matrix.
IROW(M) - BINARY FIXED
Resultant vector containing the sub-
scripts of basic rows in IROW(1) up to
IROW (IRANK).
ICOL(N) - BINARY FIXED
Resultant vector containing the sub-
scripts of basic columns in ICOL(1)
up to ICOL(IRANK).

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='P' means error in specified dimensions:
M < 0 and/or N< 0

Calculation of the rank of given matrix A is most
critical. It is not claimed that MFGR will give the
correct rank in all cases, because of the intrinsic
difficulty caused by performing calculations with
a finite number of digits.

Suggested range for values of EPS is 10'4,
10'6) in single precision and (10'8, 10715y in double
precision,
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Method;

Calculation of the rank TRANK and of the triangular
factors L and U is done using the standard Gaussian
elimination technique with complete pivoting, The
lower triangular matrix I is normalized so that the
diagonal contains all ones, which are not stored.
The subdiagonal part of L and the upper triangular
factor U are stored in the locations of the given
matrix A.

In case A is singular, the triangular factors L
and U only of a submatrix of maximal rank are re-
tained. The remaining parts of the resultant matrix
give the dependencies of rows and columns and the
solution of the homogeneous matrix equation
A+ X=0,

For reference see:

A.S. Householder, The Theory of Matrices in
Numerical Analysis, 1965, pp. 125-130.

Mathematical Background:

Interchange information

Gauss elimination with complete pivoting implies
that the rows and columns of the given M by N
matrix A are interchanged at each elimination step
if necessary. The interchange information is re-
corded in two integer vectors IROW and ICOL:

row

The i-th {
column

corresponds

} of the interchanged matrix

§ IROW(i)-th row
| ICOL(i)-th column
matrix, where initially

to the } in the original

IROW (i)=i and ICOL(i)=t for i = { L2, ..., M}
1,2, ..., N

At the i-th elimination step the interchanged
matrix is denoted by A%,

First elimination step

After pivoting, the interchanged matrix Alis uniquely

expressed as:

1
Al -pl-v

by imposing the following conditions:

1. Ul is the N by N identity matrix except for
the first row.

2. L1l is the M by M identity matrix except for
the first column, The first diagonal element
has a value of one.

3.Dlisan M by N matrix with first diagonal
element equal to one, while all remaining
elements of the first row and column are equal
to zero.

Partitioning of matrices A, L1, D!, Ul leads to:

ail Aiz 1 0

) \agy

10 u11 Uiz

0 D;z 0 I
where:

al =t

11 11

Aiz = Uiz

A;I - Lél “il

Aéz - L;1 Uiz * Doy

This implies the following:
1. The elements of the first column of U1 are

1 1
W = 4 k=12, 3, ..., N)

2. The elements of the first column of L1 are

a1
1 1 %
111 = l’lil = 1 (1_‘2, 3, ee e, M)

a1
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3. The elements of submatrix D%z of D! are

1 1
ab ool btttk
ik "Mk T 1 ik Ttk T T
11
i=2,8,..., M
k=2,3,..., N

Note that it is possible to record all nontrivial
information about Ll, Dl, U~ in the storage loca-
tions originally occupied by A, storing only:

1 1
Y11 P
1 1
Lot Dog

Second elimination step

Assume D%z is not zero in the sense that all its
elements are absolutely greater than an internal
tolerance TOL. The complete pivoting in D%z
implies that matrix Al possibly is interchanged,
giving AZ;

1 2
2 U1 Upp
0

=
bt
(=}
g
—

2 2
1 o0
2 - 1o Ugs  Ups
22 | ;2 2
Ly 1/ \0 D,/ \o I

It is easily seen that

A% =% p?. 2

where
1 0 0
2 [ .2 1 0
= 12
2 2
Lgp Lgy I
1 0 0
p?=[ o 1 0
2
0 0 D2,

Y1 12 13
2 2 2
v=10 o  Uyg

0 0 I

Final elimination step

At the next step D§3 is factorized, and so on. Now
assume that Dg +1. r+ equals zero -- that is, that
all its elements are al%solutely less than or equal
to TOL. This is interpreted as matrix A has the
rank r and the result is the factorization:

Neglecting the small elements in D¥ this may
. r+l, r+l
be written as:
T L
A _(LR> (U, UR)
with
1 0 . . R 0
2
by 1 0
L = . L] L] L]
r r
lrl lr2 [ 3 . 1
1 2 r
u11 ulz [ ] [ ] X ] ulr
2 r
0 u22 . u2r
U =| . . . . {
/
0 0 ; . . o ]
rr
r r T
LR = (L
( r+l, 1’ Lr-i-l, 2’ Lr+1, r)
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Then, from AT + X* =RT is obtained;

T
Ul, r+l L - R
. . 1 = 1)
r (i)~ @ om - (3) (=}
U2, r+l1
More explicitly:
° L ° . ..|.L . . =
U X1 UR X2 R1
UR =
o . . + . . =
LR U X1 LR UR X2 R2

Since L and U are nonsingular, this implies

Ur that:
r, v+l 1 1 1
X1 =U" -« L R1~U . UR-X2
L is a lower triangular matrix of order r with unit
diagonal.
U is an r by r upper triangular matrix. Rz = LR - L—l . Rl

LR is an (M-r) by r matrix; if the given matrix A
is row regular (that is, r=M), LR is absent in the
final factorization.

UR is an r by (N-r) matrix; if the given matrix -1

A is column regular (that is, r = N), UR is absent LR is replaced by C1 =LR * L
in the final factorization.

For the user's convenience:

- -1
Further calculations UR is replaced by H = -U = + UR

while L and U remain unchanged.

For consistency it is necessary to set
Ry = C;1+ Rp and to obtain homogeneous
solutions from the equation:

The problem of matrix factorization arises in con-
nection with the solution of systems of equations
A+ X =R. Three different cases must be dis-

tinguished:
l,r=M=N
A is nonsingular, and A * X = R has a unique X1 =H- Xz
solution,
2. r<M In case of a consistent system of equations
A is not row regular; solutions of A+ X =R A¥ . XT = RY, the general solution is:
exist only if the linear combinations among the rows .
of A are also valid among the rows of R. r 1 . -1 -1
3. T <N X —<X2>W1thX1=U - L . Rl
A is not column regular; A * X = 0 has non-
trivial solutions. +H * X
The cases (2) and (3) may occur together. The 2
solution, if it exists, is uniquely determined for
r=N; otherwise, it contains N-r free parameters. while the values of the free variables contained in
It is quite natural to ask for the linear combinations X9 may be chosen arbitrarily.
among the rows and columns of given matrix A and
for the linear forms expressing basic variables in Programming Considerations:
terms of free variables. Therefore, instead of LR
and UR, matrices C and H, containing linear Let aj, be the absolutely greatest element of the
combinations, are returned. original matrix A, which is found first in column-
Observe carefully that the calculated factorization  yico scan. The internal tolerance TOL is set equal
belongs to the interchanged matrix AT. Therefore, to | EPS - aix | -
we use AT - XT = RF instead of A+ X =R. If, at the m-th elimination step, the absolutely
Let X¥, R be partitioned into (§%) and| R%> . greatest element of D}%:lln is less than or equal to

TOL, the submatrix D%"m is interpreted as being
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the zero matrix. Then m-1 is returned as rank of
the given matrix A and further factorization is
bypassed.

The calculated factorization belongs to the inter-
changed matrix AT, Therefore, we deal with AT -
XT = RT instead of A + X = R, where:

f X 2 1s obtained from X using the
1 Rr‘ R

1COL(k) | X k-th
{ TROW(i) j element of{ R} as {i- th element of

R |
withk =1,2, ..., Nandi =1, 2, ..., M.
Within the storage area
originally occupied by the

input matrix A, procedure
MFGR returns, in a com-

-+ N ——

pact scheme, the matrices <= |RANK-#-
L’ Uy C’ Ha and D (See *
diagram). ) y
Z H
S
Mmooy
c D
Numerical example
1 2 1
2 2 4
L t = = .
et A 9 4 o | EPS =1E-5
1 4 -1

Procedure MFGR returns L, U, C, H, and D:
_ 1 0 _[4 2
L= (0.5 1>’ v ‘<0 3>’

. _ (05 0 _[(-0.33333325\ {0
€= <1.5 -1>’ H"’<~o.33333331>’ D'(o)

and combines them in the following compact scheme:

0.5 5 _o.oamsner)  RANK=2
05 o o and IROW = (3,2, 1, 4)
Ls -1 o ICOL = (2, 3, 1)

From information in C, IRANK, IROW we get the
linear dependencies among rows:

1]

row(1l)
row (4)

0.5 °* row(3) + 0 * row(2)
1.5° row(3) - 1 * row(2)

From information in H, IRANK, ICOL we get the
homogeneous solution of A* X=0: X,  =H"* X _:

1 2
X, = -0. 33333325 X,
Xy = -0. 33333331 Xy
and with

column (1) ¢ x; + column (2) * xo
+ column (3)« xg = 0, the linear dependencies
among columns:

column (1) = 0. 33333325 * column (2)
+0. 33333331 * column (3).

Multiplying the triangular factors L, U we get:

a, a 4 2
LU= 32 33==

a22 a23 2 4
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34

FUR A GIVEN GENERAL RECTANGULAR MATRIX

MFGR

PERFORMS THE FOLLOWING

DETERMINES RANK AND LINEARLY INDEPENDENT ROWS AND COLUMNS (BASIS),

EXPRESSES NONBASIC ROWS IN TERMS CF BASIC ROWS,

FERKALREEEETKKE

*
:PROCEDURE MFGR :
EEEREERERRRRKRKE

>Xe s o0

Ekkkkg L kkRRkkkkkk

PRESET
ERROR=1p*

LES R X
LT R

kR kgkkkkRkERREK

.
.
.
.
*
.
m

. <
om

IS N
LESS THAN .

D R R R I I R R R I N T I R R R T T e

*. NO

Faseoe

.
.
.
.
.
.
.
-
.
-
.
.
.
.
.
.
.

.
-

ISA LRI VELSELELEE L]
*

* PRESET
..X: ERROR=1'0"

XX XX

*
XXX RS IRRRBRBRR KK

* *
FEFEBIRRERRENRRRK

X

t**‘#z ‘..l#t'ttt

tSET UpP I NTERNAL#
*TOLERANCE TOL=

' =ABS{EPS*PIV) :
t*itit!tt**t‘tttt

Xo oo e

t#t*tGZ*‘*ii‘.‘i‘

*
' PRESET RAN *
* INDEX IRANK= O ‘

t"%ti.'tt*t..#*‘

ARXKKATREKEK KX KX K

FO S *
: ELIMINATION *
FEEEERRKRRR KR RER

o
* »
e
* ome
to m o
B> YW
AP o
Xo a8 04 H OPNC #Xo s 000
>

*

EERKECIRREREREERE
*

* UPDATE RANK,
: TRANK=J

LR XXX

*
KERXERERRXTXKR kKK

#Xe o0 08

D3 *,
<*¥SHOULD *,
NO_.* ROWS *.
...t.INTERCHANGED‘.*
IS
RANK *

* VFS

REEEEEEEEE]

Xe s 0 0 8

ERERK FIRRIRRRERKR
INTERCHANGE
ROWS

* NN N
EE X T 2

HEEEEKBREEERKEEES

.
-
.
B

Xe o000

ERRERFIEREREREKKE
* *

* UPDATE ROW *
3 INDEX VECTOR :

R

* *
ERREERERERIERERRE

+*COLUMNS BE ¥,
*. INT FRCHANG
*.-1S IC G
* . IRANK.*
¥, ¥
*¥ YES
X
AEEEKHIREREERERKE
* *
* INTERCHANGE *
* COLUMNS *
* *
* *
TEEERRERERERRREEEK
X
REEEE JIRREREEEKER
*

*
* UPNATE COLUMN *
: INDEX VECTOR :

* *
AREREEREKEEREEEEE
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FACTDRTZES A SUBMATRIX NF MAXIMAL RANK,

@5 0.0 0500000000 0000 0068600000806 000608880800006606800808000ss000 0000088880000

PETERY

NO

SEEKEDLEEE AR KR EKE
* *
TRANSFORM *
e o X% CURRENT *
: SUBMATRI X :
FEREEERRERRERARRE

X
EREKEE AR R SRR KRR
* *
* SEARCH NEXT *
* PIVOY PIV *
* *
* *
FERREEEXEEEERREER

X

EERERE GEE KRR ERREE

*
* PIVOT PIV :
FREERERRKRRE KRR

Xe s 000

REKEXGLGERRERKKRKE

J=J+1

XXX 2]
W

XK RERREERARERRES
-
.

®eesccsccssscscssesscnsnn

.
.

1s 4
R R R R PR P GREATER
HAN N

esecescansasX

D R N I N RN ST AT S

EXPRESSES BASIC VARIABLFS IN TFRMS OF FRFF VARIABLFS.

. ¥
NO . *

.
#*
<
.
.

* T
*,

ROW .

XS 00 6 g preME X s 0o

tttttcstttttltttt
SET UP MATRIX '

tFxPRESSING ROW t
* DEPENDENCIES

* ‘
EEEEXKKKEERR SR KK R
.
secsscccnsXe

.
.
.
.
B
.
.
.
.
.
.
.
.
.
.
-
.
.
.
-
e seccsscsee
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

RE TURN
*EERKS K xRk RR KRS

S s ete et eretetecenccecactestececat et seenteatananaseeecseanceennensesas s st teressecasescecccesseasss XEPROCEDURE MFGR *

EER S22 22 RS2 22 3

.
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e Subroutine MDLS/MDRS

MDLS.. MDLS 10

/%% /¥DLS 20

1% */MDLS  3C

/% FOR AN EQUATION SYSTEM A%X=R WITH SYMMETRIC POSITIVE */MDLS  4C

1% DEFINITE MATRIX A=T*TRANSPOSE(T) CALCULATE OPTIONALLY t %/MDLS SC

/% SOLUTION X */MDLS 60

/% INVEFSE(T) % R *#/MDLS 70

/% TRANSPOSE (INVERSE(T)) * R */MDLS  8C

A FOR GIVEN TRIANGULAR FACTCR T AND RIGHT HAND SIDE MATRIX R */MDLS 90

/% */MDLS 10C

/ *EEREXE/MDLS 110

PROCEDURE(R ;Mg Ny A,CPT),. MDLS 12C

DECLARE MDLS 13C

ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MDLS 140

(OPT,COPT) CHARACTERI(1), /*0PTION PARAMETEFR */MDLS 15C

SUM BINARY FLOAT(53), MDLS 160

(RU*, %Y, A(%)) MOLS 17C

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S%/MDLS 18C

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D%/MDLS 16C

(I4IENDII,ITA,1ID,T1IST,IK, MDLS 2CC

TKA,IKD, IKST 4J,JEND ,KeL LDy MOLS 210

LXyLDXyMyMSTA , MDEL y MX 4N} MDLS 220

BINARY FIXED,. MDOLS 230C

JREERRERIRERERERC KK RR KRk kRKR KR/ MDLS 240

110y1KA=1,. /*INITIALIZE PARAMETERS FOR */MDLS 250

IKD¢ITA=0,. /*DIVISION FROM LEFT */MDLS 260

IEND =N,. /%% */MDLS 27C

JEND =M-1,. MDLS 28C

GO TO BOTH,. MDLS 29C

MDRS.. MDLS 3cC0

1 x% Lt /MDLS 210

/% */MDLS 320

/% FOR AN EQUATION SYSTEM X*A=R WITH SYMMETRIC POSITIVE */MDLS 33C

/% DEFINITE MATRIX A=T*TRANSPOSE(T) CALCULATE OPTIONALLY */MDLS 34C

1% SOLUTION X */MDLS 25C

/% R * TRANSPOSE(INVERSE(T)) */MDLS 360

ad R * INVERSE(T) */MOLS 27C

T4l FOR GIVEN TRIANGULAR FACTGR T AND RIGHT HAND SIDE MATRIX R */MOLS 280

/% */MDLS 39C

/ Forok koK kK */MCLS 4CC

ENTRY{RyMsNsA,OPT),. MDLS 41C

7 %% *¥/MDLS 42C

IIDyIKA=0C,y . /*INITIALIZE PARAMETERS fQR */MDLS 43C

IKD,I1A=1,. /*DIVISION FROM RIGHT */MDLS 44C

1END =M,. / * /MOLS 4SC

JEND =N-1,. MDLS 460

BOTH.. MDLS 47C

ERROR='P1,, /%P MEANS WRONG PARAMETER */MDLS 48C

1F IEND LE © /*TEST INPUT DIMENSIONS M AND N%/MDLS 49C

THEN GO TO RETURN,. MDLS S5CC

IF JEND LT O MDLS 51C.

THEN GO TO PETUFN,. MDLS 52C

TIST,IKST=1,. MDLS 53¢

COPT =0PT,. MDLS 540

IF copT= '20 /*TEST SPECIFIED OPERATION */MDLS 550

THEN GO TO NEW,. MDLS 560

/ /MDLS 57C

Lx =Cy.o /*INITIALIZATION FCR A*X = R */MDLS 58C

MSTA,MDEL ¢ MX4LD=1,. /*AND FOR X*TRANSPOSE(A) = R */MDLS 590

/ *%x%/MDLS 600

MAIN.. /*EXECUTE DIVISION PROCESS */MDLS 610

0N J =0 TC JEND,. MDLS 620

1 =1ISTy. /*INITIALIZE ADDRESSING VALUES */MDLS 630

K =IKST,. MDLS 640

D0 I =1 TO IEND,. /*EXECUTE LOOP OVER CCLUMNS */MDLS 65C

SUM  =C,. /*0R ROWS OF MATRIX R */MDLS 66C

L =MSTA,. MDLS 67C

LDX =LDy. MOLS 680

0O K =1 TO Jy. /*COMPUTE SCALAR PRODUCT SUM */MDLS 69C

SUM  =SUM+MULTIPLY(A(L) 4RUTII4IK)453),. MDLS T7CC

L =SL+LDXy o MOLS T71C

LDX =LDX+LX,. /*UPDATE ADDRESSING PARAMETERS */MOLS 720

11 =[1411IDy. MDLS 730

IK =IK+IKDy . MDLS 740

END,y . MOLS 750

IF A(L)= C /*IS DIAGONAL TERM IN A ZERO */MDLS 760

THEN DOy, MDLS 770

ERROR="'S',, /%S MEANS ZERO DIAGONAL TERM */MDLS 780

GO TO PRETURN,. /*%IN TRIANGULAR FACTOR A */MDLS 79C

END,. MDLS 8CC

/*CALCULATE NEW ELEMENT */MDLS £10

ELSE RUIIZIK)=(R(II,IK)-SUM)I/A(L),y. MDLS 820

11 =IIST+IIA%],. MDLS 830C

IK =IKST+IKAX],. /*UPDATE ADDRESSING PARAMETERS */MDLS 840

ENDy « MDLS 850

MSTA =MSTA+MDEL,. /*MODIFY START PARAMETERS */MOLS 86C

MDEL =MDEL4MX,. MDLS 87C

END,y o MDLS 880

IF COPT NE '1° /*TEST END OF OPERATION */MOLS 890

THEN MDLS 900

NEW.. 7/ /MDLS 91C

D0y . /*INITIALIZATION FOR X*A = R */MDLS 92C

COPT =017, /*AND FOR TRANSPOSE(A)*X = P #/MDLS 930

MX =0y, / *%%/MDLS 94C

Lx =lye MDLS 950

MDEL =-1,. MDLS 960

[} ==JEND, . MDLS 97C

MSTA =(JENO+1)*{JEND+2)/2,. MDLS 98C

11D =-11Dy. MDLS 990

IKD ==IKD,. ¥DLS1000

IF I1A= C /*SHOULD DIVISION FROM LEFT */MDLS1C1C

THEN IIST =M,. /*BE EXECUTED ®/MOLS102C

ELSE IKST =N,. MDLS103C

GO TO MAIN,. /%GO TO MAIN PART OF MOLS */MDLS104C

END,y o MDLS1050

ERROR='0",. /*SUCCESSFUL OPERATION */MDLS1060

RETURN.. MOLS107C

ENDy /*END OF PROCEDURE MDLS */MDLS1080
Purpose:

For a system of equations AX = R with symmetric

positive definite matrix A

=T. TT, MDLS

Mathematics~-Matrix Operations--Linear Equations

performs the following calculations depending on
the character of the input parameter OPT:

OPT ='1' R is replaced by l.Rr
OPT ='2' R is replaced by (T"})T . R
otherwise R is replaced by (T - TT)'1 * R

Usage:
CALL MDLS (R,

R(M’N) -

N -

A(M*(M+1)/2) -

OPT -

Purpose:

M, N, A, OPT);

BINARY FLOAT [(53)]

Given general right-hand-side
matrix with M rows and N
columns.

Resultant solution depending

on the option parameter OPT,
BINARY FIXED

Given number of rows of matrix R
and the order of matrix A.
BINARY FIXED

Given number of columns of
matrix R.

BINARY FLOAT [(53)]

Given one-dimensional array
containing lower triangular matrix
T stored rowwise in compressed
form (possibly resultant array A
of SSP procedure MFS).,
CHARACTER (1)

Given option parameter for selec-
tion of operation. (See '"Purpose"
above,)

For a system of equations XA = R with symmetric
positive definite matrix A =T « TL, MDRS per-
forms the following calculations, depending on the
character of an input parameter OPT:

OPT ="'1'
OPT ="12'

R is replaced by R * (T"l)T
R is replaced by R -1

otherwise R is replaced by R+ (T * TT)‘1

Usage:

CALL MDRS (R, M, N, A, OPT);

R(Ma N) -

BINARY FLOAT [(53) ]

Given general right-hand-side
matrix with M rows and N columns.
Resultant solution depending on the
option parameter OPT.

M -

BINARY FIXED

Given number of rows of matrix R
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N - BINARY FIXED
Given number of columns of matrix
R and the order of matrix A,
A(N*(N+1)/2) - BINARY FLOAT [(53)]
Given one-dimensional array
containing lower triangular matrix
T stored rowwise in compressed
form (possibly resultant array A of
SSP procedure MFS).

OPT - CHARACTER (1)
Given option parameter for selection
of operation (see '""Purpose'’, above),
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero, The

following constitutes the possible error conditions

that may be detected:

ERROR='P' - means error in specified dimensions:
M < 0 and/or N<0

ERROR='S' - means given triangular factor T has
at least one diagonal term (pivot) equal
to zero -- that is, matrix A is not
positive definite,

The given lower triangular factor T is assumed to be
stored in compressed form, that is, rowwise in
successive K*(K+1)/2 storage locations, where K is
the number of rows (or columns) implied by
compatibility:

K =M in procedure MDLS
K =N in procedure MDRS

During calculation the lower triangular matrix T is
not changed. The right-hand-side matrix R is re-

placed by the solution depending on the character of
parameter OPT.

Method:

It is supposed that the symmetric positive definite
matrix A is given in the factored form (Cholesky):

A=T- TT

where T is the lower triangular factor (possibly
calculated by SSP procedure MFS) and TT the
transpose of T,

The required calculations are done using forward
and/or backward substitutions.

Mathematical Background:

Calculation of X =T™1 « R is done using forward
substitution to obtain X from T« X =R.
Calculation of Y = (T‘l)T « R is done using back-
ward substitution to obtain Y from
TT. v =R,
Calculation of Z = (T - TT)~1. R is done by first
solving T -+ X = R and then solving
.z =x,
Calculation of X = R(T_l.)T is done using forward sub-
stitution to_obtain X from X. TT = R.
Calculation of Y =R - T~1is done using backward
substitution to obtain Y from Y+ T =R.
Calculation of Z=R+ (T - TT)"1 is done by first
solving X + TT = R and then solving
Z- T=X,

Programming Considerations:

The given lower triangular matrix T is assumed to be
stored rowwise in successive storage locations.
During calculation, T is not changed, while the right-
hand-side matrix R is replaced by the solution
depending on parameter OPT, If any diagonal element
(pivot) of T is zero, the error parameter ERROR

is set to 'S' and further calculation is bypassed. Any
zero pivot in T means that the matrix A=T - T

is not positive definite, possibly because of severe
loss of significance in the factorization routine,
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o Subroutine MDSB

MDSB MDSB  1C
/ /MDSB 20
/% */MDSB  3C
/% FOR AN EQUATION SYSTEM A#*X=R WITH SYMMETRIC POSITIVE */MDSB 40
/% DEFINITE BAND MATRIX A=TRANSPOSE (T )*T CALCULATE */MDSB 50
1% OPTIONALLY */MDSB 60
1% SOLUTION X */MDSB 70
/% TRANSPOSE(INVERSE(T)) * ® */MDSB 80
/% INVERSE(T) * R */MDSB 90
/% FOR GIVEN UPPER BAND FACTOF T AND GENERAL RIGHT HAND */MDS8 10C
Ad SIDE MATRIX R */M0SB 110
A */MDSB 120
/ * HFAKEK * /MDSB 130
PROCEDURE( ARy NyNUDyMyOPT) o MDSR 140
DECLARE MDSB 150
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MDSB 160
(OPT,COPT) CHARACTER(1), /*0PTION PARAMETER */MDSB 170

SUM BINARY FLOAT(53), MDSB 180

(AL, %) ,R(¥,%) 4 H)
BINARY FLOAT,
/% BINARY FLOAT(53),

MDSB 19¢C
/*S%/MDS8 200
/%D¥/MDSB 210

/*SINGLE PRECISION VERSION
/*DOUBLE PRECISION VERSION

(I, ISTASIEND,INCRyJ, K, MDSB 220

KEND ¢ KI3KINC yKKoL LM,y MDSB 230

LNy LNUDyM,NyNCsNR,yNUD) MDSR 240

BINARY FIXEDy. MDSB 250
LN =Ny . /*STORE VARIABLES N, NUD, M, */MDSB 260
LNUD =NUD,. /*0PT FROM CALLING SEQUENCE */MDSB 270
LM =My . /*INTO LOCAL PARAMETERS */MDSB 280
COPT =0PT,. MDSR 290
ERROR='P*, . /%P MEANS WRONG INPUT */MDSB 300
IF LNUD LT O /*TEST SPECIFIED INPUT PARA- */MDSB 310
THEN GO TO RETURN,. /*METERS NUDy Ny M */MDSB 320
IF LN LE LNUD MDSB 330
THEN GO TO RETURN,. /%PROCEDURE RETURNS IF AT */MDSB 340
IF LM LT O /*LEAST ONE OF THE PARAMETERS */MDSR 35C

THEN GO TO RETURN,. */MDSB 36C

/*NUD,» N, M IS WRONG
* */MDSR 370

/
/%*NC AND NR ARE MARKS FOR BEGIN¥*/MDSB 280

NC =LNUD+1,.
NR =LN-LNUD, . /*AND END OF THE BAND STRUCTURE*/MDSB 39C
IF COPT= 12°' /*SHOULD R BE DIVIDED BY T ONLY*/MDS8 400
THEN GO TO UPPER,. /%% */MDSB 410
ISTA, INCR=1,. /*INITIALIZATION FOR */MDSB 420
TEND =LN,. /*TRANSPOSE(T) * X = R *#/MDSB 430
KINC =-1,. / /MDSB 440
MAIN.. MDSB 450
D0 I =ISTA TO IEND BY INCR,. /*EXECUTE LOOP QVER ALL ROWS */MDSB 460
H =ACLs1) . /%#STORE I-TH DIAGONAL ELEMENT */MDSB 470
IF H =C /*AND TEST IT FOR ZERO */MDSB 48C
THEN DOy . MDSB 49C
ERROR="S1', . /%S MEANS ANY PIVOT IS ZERO */MDSB 50C
GO TO RETURN,. MDSB 510
ENDy » MDSB 520
KEND =NC,. /*KEND IS END VALUE OF THE */MDSB 530
IF INCR= 1 /*INNERMOST DO-COUNTER K */MDSB 54C
THEN L =NC—1,. /%L IF DIVISION BY TRANSP(T) */MDSB 55C
ELSE L =1-NR,. /*L IF DIVISION BY MATRIX T */MDSB 56C
IF LGT C MDSB 57C

THEN KEND =KEND-L,.
00 J =1 TO LM,.

/*MODIFY KEND */MDSB 580
/*L00P OVER THE M COLUMNS OF R */MDSB 590

SUM  =R(I,J),. /*INITIALIZE SUM */MLCSB 600

KI KK=T,. MDSB 61C

D0 K =2 TO KEND,. /*COMPUTE SCALAR PRODUCT SUM */MDSB 62C

kI =KI+KINC,. MDSB 630

KK =KK=INCR, . MDSB 640

SUM  =SUM—MULTIP! Y(A(KI,K)RIKKyJ)y53),. MDSB 65C

ENDy. MDSB 660

REL,yJ)=SUM/H,. /*DIVIDE SUM BY DIAGONAL TERM */MDSB 670G

ENDy /*AND STORE IT BACK */MDSR 68C

END, . MDSB 690

IF COPT= 1 /*TEST END OF OPERATION */MDSB 7GCC

THEN 00, . MDSR 710

ERROR=10",. /*SUCCESSFUL DIVISION */MDSR 720

GO TO RETURN,, MDSB 730

END, . MDSB 740

UPPER.. /7 EXXXKE/MDSB TS0

COPT ='1"',. /*INITIALIZATION FO® T * X = F*/MDSB 760

ISTA =LN,. / * /MDSR T77C

INCR =-1,. MDSB 780

IEND =1,. ®DSB 790

KINC =C,. MDSR 8CO

GO TO MAIN,. /*BRANCH TO THE MAIN LOOPS *#/MDSR 810

RETURN.. MDSB 820

ENDy . /*END OF PROCEDURE MDS8 */MCSB 83C
Purpose:

Depending on the character of the input parameter
OPT, MDSB performs the following operations on a
system of equations A * X = R with symmetric positive
definite band matrix:

A=T =+ T

OPT

'1' Ris replaced by (T_l) T.r
OPT ='2' R is replaced by T_1 « R

otherwise R is replaced by (TT . T)_1 * R

Usage:

CALL MDSB (A, R, N, NUD, M, OPT);

A(N,NUD+1) - BINARY FLOAT [(53)]
Given two-dimensional array contain-
ing the upper band factor T stored
rowwise such that A(i, 1) are the
diagonal elements (i =1, 2, ... N).
This could be the resultant array A
from SSP procedure MFSB.

R(N, M) - BINARY FLOAT [(53)]
Given general right-hand-side matrix
with N rows and M columns.
Resultant solution depending on
option parameter OPT,

N - BINARY FIXED

Given number of rows of matrices R
and A,

BINARY FIXED

Given number of upper codiagonals of
symmetric matrix A,

NUD -

M- BINARY FIXED
Given number of columns of matrix
R.
OPT - CHARACTER (1)
Given option parameter for selection
of operation (see "Purpose').
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected:

ERROR='P' - Indicates an error in specified
dimension: NUD <0 or N < NUD
ERROR='S' - means the given band factor T has

at least one diagonal term (pivot)
equal to zero -- that is, matrix A is
not positive definite.

Upper factor matrix T, consisting of main diagonal
and NUD upper codiagonals, is assumed to be stored
rowwise in array A(N, NUD+1) such that A(i, 1) are
the diagonal elements of T (i=1,2,...,N). SSP
procedure MFSB provides upper band factor T in its
resultant array A, which may be used directly for
input in MDSB.

During calculation in MDSB, the band matrix T
is not changed., The right-hand-side matrix R is
replaced by a solution depending on the input
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character of parameter OPT, Input values N and
NUD should satisfy the restriction

0 < NUD <N
Method:

Depending on the actual character of OPT, division
of R by TT and/or T is performed using forward
and/or backward substitutions. The result is
returned in the locations of R.

For reference see:

R. S. Martin and J. H. Wilkinson, '"Solution of
Symmetric and Unsymmetric Band Equations and
the Calculation of Eigenvectors of Band Matrices",
Numerische Mathematik, Vol. 9, iss. 4, 1967,
pp. 279-301.

H. Rutishauser, ''Algorithmus 1-Lineares
Gleichungssystem mit symmetrischer positiv-
definiter Bandmatrix nach Cholesky", Computing
(Archives for Electronic Computing), Vol, 1, iss.
1, 1966, pp. T7-78.

Mathematical Background:

The given elements of the upper factor matrix T
are to be stored rowwise in array A so that A(i, 1)
are the diagonal elements of T (i =1, 2, ..., N).
Calculation of X = (T‘l)T + R is done using
forward substitution to obtain X from TT - X =R
and satisfying the following recursive scheme:

i-1
1

Xk T A ik Z m,i+l-m “mk

ik m=m

0
m = max(l, i-NUD); i=1,2,..., N
0 k=1,2,..., M

r
(Any symbol Z c,, is to be interpreted as
m=m

: 0
zero if r <m0.)

After each X;| is computed, it is stored in the
location Tike Analogously, computing Y = 1. R
is the same as solving the equation T+ Y =R for Y.
This is done using backward substitution in a
similar recursive scheme:

1 my
Yk T a. ik 2 qm " Yi-1+m,k
ik
m=2

m0 = min (NUD+1, N+1-i)

i=N, N-1,,..,1
k=1, 2,...,M

Calculation of Z = A™1+ R = (TT . T)'1 * R is done
by first computing X from TT « X = R and over-
writing on R, then solving T - Z =X, again in the
locations of R. If R is equal to the unit matrix, this
process replaces R with the inverse A1 of A, It
should be noted that in general A7l g no longer a
band matrix.

Programming Considerations:

The upper band factor matrix T is assumed to be
stored rowwise in the two-dimensional array
A(N, NUD+1) such that A(i, 1) are the diagonal
elements of T (i =1, 2, ..., N). Therefore, the
elements A(i,k) of array A withi +k > N are ir-
relevant and not used within MDSB,

During calculation, the upper band factor T is not
changed, while the right-hand-side matrix R is re-
placed by a solution depending on the character of
parameter OPT.

If any diagonal element A(i, 1) of factor T is zero,
the error parameter ERROR is set to 'S' and further
calculation is bypassed. Any zero pivot of T means
that matrix A= TL - T is not positive definite.
This is possibly due to severe loss of significance in
the factorization routine.

If the SSP procedure MFSB provides the factor
matrix T directly as input for MDSB, the resultant
error indicator ERROR from MFSB should be tested.
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o Subroutine MDLG

MDLG.. MDLG 10
/RE AR AR K RO K R AR FF AR Rk ok */MDLG 20
7% */MDLG  3C
/% FOR AN EQUATION SYSTEM A#X=R WITH GENERAL NON-SINGULAR */MDLG 40
A MATRIX A=L*U CALCULATE CPTIONALLY */MOLG 50
/% SOLUTION X */MDLG 60
/% INVERSE(L) * R */MOLG 70
/% INVERSE(U) * R */MDLG 80
/% FO® GIVEN TRIANGULAR FACTOFS L, U AND RIGHT HAND SIDE R */MOLG 90
/* */MDLG 1CO
JEE R R R R ok HEEEEEK/MDLG 110
PROCEDURE (Ayk, IPEP,N,M,0PT), . MOLG 120
DECLARE MDLG 130
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MDLG 140C

CPT CHARACTERI(1), /*0PTION PAFAMETER */MOLG 150

SUM BINARY FLOAT(53), MOLG 16C

(ACH %) yR (%, %) yH) MOLG 170

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S%x/MDLG 180

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D%/MDLG 19C
CIPER(*) 41,1544, MDLG 200
KyLMyLNyM,N) MDLG 210

BINARY FIXED,. MOLG 22¢

LM =My . MDLG 230
N =Ny o MDLG 240C
ERROR=1P1, /%P MEANS WRONG INPUT */MDLG 250

IF LN LE © /*TEST SPECIFIED PARAMETER N */MDLG 260
THEN GO TO RETURN,. MOLG 270

IF LM LE O /*TEST SPECIFIED PARAMETER M */MOLG 280
THEN GO TO PETUFN,. MDLG 290
ERROR='0", ., /*PRESET ERROR INDICATOR */MDLG 300

IF OPT= 21 /*SHOULD R BE DIVIDED BY U ONLY*/MDLG 310
THEN GO TO UPPER,. /%% J *%%£/MOLG 320
/*L00P FOR DIVISION BY LOWER */MDLG 330

D0 I =1 TO LN,. /*TRIANGULAR MATRIX L */MDLG 340

H =A(L+1) .. I Ex /MDLG 350

IF H = ¢ /*IS ANY DIAGONAL ELEMENT ZERO */MDLG 360

THEN DO,. MDLG 370
ERFGR=1SY,, /%S MEANS ANY PIVOT IS ZERO */MDLG 380

GO TO RETURN,. MDLG 390

END, . /*FOR PERMUTATION OF ROWS OF */MDLG 400

1s =IPER(I),. /*RIGHT HAND SIDE ARRAY R */MDLG 410

DO K =1 TC LM,. /%L00P OVER THE M COLUMNS OF R */MDLG 42C

SUM  =RIIS,K)y. /*INITIALIZE SUM */MDLG 430
ROISKI=R(1,K),. /*RESTORE ROWS OF ARRAY R */MDLG 440

D0 J =1 TO I-1,. /*COMPUTE SCALAR PRODUCT SUM */MDLG 450

SUM  =SUM-MULTIPLY{A{T,4J)4RIJsK),53),. MDLG 460C

ENDy o MDLG 470

RUT,K)=SUM/H,. /*DIVIDE SUM BY DIAGONAL TERM */MDLG 480

ENDy . /*AND STORE RESULT */MDLG 490

ENDy « MDLG 500

IF OPT= *1° /*TEST END OF OPERATION */MDLG S10

THEN GO TO RETURN,. JERERRRRRA AR KRR R R KRR REEEEL/MOLG 520

/*LO0P FOR DIVISION BY UPPER  */MDLG 530

UPPER.. /*TRIANGULAR MATIX U */MDLG 540

00 I =LN-1 TN 1 BY -1,. / /MDLG 550

DO K =1 TO LM,. /*L00P OVER THE M COLUMNS OF R */MDLG 560

SUM  =R(I4K),. /*INITIALIZE SUM */MDLG S70

DO J =I+1 TO LN,. /*COMPUTE SCALAR PRODUCT SUM */MDLG 580

SUM  =SUM-MULTIPLY(A(I,J)4R(J,K),53),. MDLG 590

ve MDLG 600

ROT,K)=SUM,. /*STORE RESULT */MDLG 610

END, . MDLG 620

END, . MDLG 630

RETURN. . MDLG 640

END, . /*END OF PROCEDURE MDLG */MDLG 650
Purpose:

For a system of equations A X =R, where A=L.U
is a general nonsingular matrix, MDLG performs

the following calculations, depending on the character
of an input parameter OPT:

L R is replaced by L_1 *R

OPT =

OPT = '2' Ris replaced by U™l + R .

otherwise Ris replaced by (L = U) ~ ¢« R
Usage:

CALL MDLG (A, R, IPER, N, M, OPT);

A(N,N) - BINARY FLOAT [(53)]
Given two-dimensional array containing
lower and upper triangular matrices L
and U where the unit diagonal of U is
omitted.

R(N,M) - BINARY FLOAT [(53)]

Given general right-hand-side matrix
with N rows and M columns.

Resultant solution depending on the option
parameter OPT,

IPER(N) - BINARY FIXED
Given integer vector containing the
permutations of rows of the matrix A in
factorization steps,
N - BINARY FIXED
Given order of matrix A and number of
rows of matrix R.
M - BINARY FIXED
Given number of columns of matrix R.

OPT - CHARACTER (1)
Given option parameter for selection of
operation (see ''Purpose'’).

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected:

ERROR='P' - means error in specified dimensions:
M <0 and/or N<0

ERROR='S' - means that a diagonal element (pivot)
in the given lower triangular matrix
L is zero; further calculation is
bypassed.

The given matrix A is assumed to be factorized into
a product of a lower triangular matrix L and an upper
triangular matrix U using partial pivoting with row
interchanges, where L and U are overwritten on A,
omitting the unit diagonal of U, Details of the row
interchanges are to be stored in the vector IPER.
This required factorization may be obtained using the
SSP procedure MFG. The resulting arrays A and
IPER are used as input for MDLG.

During calculation in MDLG the arrays A and
IPER are not changed. The right-hand-side matrix
R is replaced by a solution depending on the char-
acter of parameter OPT.

Method:

The required calculations are performed using
forward and/or backward substitutions, where the
interchange information is combined with the lower
triangular matrix L.

Mathematical Background:
Suppose a general nonsingular matrix A of order n
is factored into the form:

A=P .« L U

where L is the lower triangular matrix, U the upper
triangular matrix with unit diagonal, and P the per-
mutation matrix corresponding to the integer vector
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IPER. ThenX=1L-1.P1.Rr=1"1. Riscal-

culated using forward substitution to obtain X from
L. X=P1l.R=R. Ris obtained from R by
interchanging rows in the same way as the rows of
matrix A are interchanged during partial pivoting
in any factorization routine (for example, MFG).

To calculate Y = U-1 . R backward substitution
is used in obtaining Y from U . Y=R. Calculation
of z=U"1l.1-1.-p1-R=0u"1.1"1. Risdone
by first solving L - X =R and then solving U - Z=X,

Programming Considerations:

Matrix A is assumed to be given in the factored
form:

A=P-L-U

where the lower triangular matrix L and the upper
triangular matrix U are overwritten on A, omitting
the unit diagonal of U, The permutation matrix P
is obtained by interchanging the rows of an n by n
unit matrix according to information stored in the
vector IPER,

o Subroutine MIG

MIG.. MIG 10

/ /MIG 20

/% */MIG 30

/% INVERT A FACTORIZED GENERAL MATRIX A. */M1G 40

/% A MUST BE FACTORIZED INTO THE FORM A = L*U, WHERE THE */M1G 50

/% UPPER TRIANGULAR MATRIX U CONTAINS THE UNIT DIAGONAL */M1G 60

/% WHICH IS NOT STORED. */MIG 70

1% */MIG 80

/x% /MIG 90

PROCEDURE (A, IPERyN) . MIG 100

DECLARE MIG 110

ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MIG 120

SUM BINARY FLOAT(S3), MIG 130

(A(*,%),PIV) MIG 140

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/MIG 150

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/MIG 160

(IPER(*)yT19JyKeLNyMyMN,N) MIG 170

BINARY FIXED,. MIG 180

LN =Ny. MIG 190

MN =LN=-1, MIG 200

IF LN LE O /*TEST SPECIFIED PARAMETER N */MIG 210

THEN DO, . MIG 220

ERROR='P', . /*P MEANS WRONG INPUT */MIG 230

GO TO RETURN,. MIG 240

ENDy . !/ /MIG 250

/*INVERT LOWER TRIANG. MATRIX L*/MIG 260

D0 I =0 TU MN,. / /MIG 270

M =I+1y. MIG 280

PIV  =A(M,M),. MIG 290

IF PIV= C /*1S ANY DIAGONAL ELEMENT ZERO */MIG 300

THEN DO, . MIG 310

ERROR="'S", . /%S MEANS NEXT PIVOT ELEMENT */MI1G6 320

GO TO RETURN,. /*1S ZERO */MIG 330

END, « MIG 340

PIVyA(MyM)=1/PIV,. /*CALCULATE NEW DIAGONAL TERM */MIG 350

00 J =1 TO I;j. /*EXECUTE LOOP IN M-TH ROW */MIG 360

SUM  =0,. MIG 370

DO K =J TO Iy. /*COMPUTE SCALAR PRODUCT SUM */MIG 380

SUM  =SUM+MULTIPLY(A(MK) 4A(KeJ)953),. MIG 390

END, . MIG 400

AlMyJ)==—SUM*PIV,. /*CALCULATE AND STORE NEW TERM */MIG 410

ENDy o MIG 420

END, . / */MIG 430

/*INVERT UPPER TRIANG. MATRIX UX/MIG 440

DO I =MN TO 1 BY —-1,. / /MIG 450

M =I+1,. MIG 460

DO J =LN TO M BY -1,. /*EXECUTE LOOP IN I-TH ROW */MIG  4TC

SUM  =A(1,J)y. MIG 480

DO K =M TO J-1,. /*COMPUTE SCALAR PRODUCT SuM */MIG 490

SUM  =SUM+MULTIPLY(A(I,K) +A(KeJ)953),. MIG 50C

END,y. MIG 510

AlI4J)=—SUM,. /*STORE NEW VALUE */MIG 520

END,y . MIG 53C

END, . / IMIG 540

/*MULTIPLY INVERSE(U)*INVIL) */MIG 55C

DO I =1 TO MN,. / /M1G 560

M =1+ MIG 5T7C

D0 J =1 TO LN, /¥EXECUTE LOOP IN I-TH ROW */M1G S80

IF J LE I MIG 590

THEN SUM  =A(I,J),. /*FOR LOWER TRIANGULAR PART */MIG  60C

ELSE DO,. MIG 610

SUM  =0,. /%IF ELEMENT AlI,J) BELONGS TG */MIG 62C

M =Jye /*THE UPPER TRIANGULAR PART OF */MIG 63C

END, /EMATRIX A */MIG  64C

/*COMPUTE SCALAR PRODUCT SuM */MIG 650

DO K =M TO LN,. /*0F I-TH ROW WITH J-TH COLUMN */MIG 660

SUM  =SUM+MULTIPLY(A(I,K),A(KyJ)953),. MIG 670

ENDy. MIG 68C

A(L,J)=SUM,. /*STORE RESULT */MIG 690

END, « MIG 700

END, o / REA kR *%/MIG  T1C

/*RE-INTERCHANGE COLUMNS OF A */MIG T2C

D0 I =MN TO 1 BY ~-1,. VALl R /MIG  T73C

M =IPER(I),. MIG T74C

IF M GT I /*SHOULD RE-INTERCHANGE BE DONE*/MIG 750

THEN DO,y . MIG T60

DO J =1 TO LNy, /*INTERCHANGE COLUMN 1 WITH */MIG 770

PIV  =A(Jy1),. /*COLUMN IPER{I) */MIG 780

A{Js1)=ACJ M)y, MIG T79C

ALJHMI=PIV,. MIG 8CC

ENDy. ¥MIG 810

END, . MIG 82C

1. MIG 830

RETURN. . MIG 84C

ENDy . /*END OF PROCEDURE MIG */M1G 850
Purpose:

MIG inverts a general nonsingular matrix A, which
is given in the factored form:

A=L-U

where the upper triangular matrix U contains the
unit diagonal, which is not stored.

Usage:
CALL MIG (A, IPER, N);

AN, N) -

BINARY FLOAT [(53)]

Given two-dimensional array containing
lower and upper triangular factors L and
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U, where the unit diagonal of U is not
stored (possibly resultant array A of
SSP procedure MFG).

Resultant calculated inverse of matrix
A,

BINARY FIXED

IPER(N) -
Given vector contains the permutations
of rows of the matrix in factorization
steps.

N - BINARY FIXED
Given order of matrix A.

Remarks:

ERROR='P' - means error in specified dimension:
N<O0

ERROR='S' - means that a diagonal element (pivot)
in the given lower triangular matrix
L is zero; further calculation is
bypassed.

Method:

It is required that the general nonsingular matrix
A be given in the factored form:

A=L-U

where L means the lower triangular matrix and U the
upper triangular matrix with unit diagonal., L and
the superdiagonal part of U are stored in the storage
locations of A, which may be factored by SSP pro-
cedure MFG.

In the first step MIG inverts L, giving L—l, which
is overwritten on L, In the second step U-1is
calculated and stored in U, Then U-1 is multiplied
by L‘l, giving, in an order determined by pivoting,
the columns of A~1, These, finally, are reordered
to produce A-L,

For reference see:

A, S. Householder, The Theory of Matrices in Nu-
merical Analysis, 1965, pp. 125-130,

A, Ralston and H, S, Wilf, Mathematical Methods
for Digital Computers, Vol. 2, 1967, pp. 69-71.
R. Zurmiihl, Matrizen, 1964, pp. 75-77.

Mathematical Background:

Suppose A, a general nonsingular matrix of order
N, is factored into the form:

A=P - L - U

where L is the lower triangular matrix, U the upper
triangular matrix with unit diagonal, and P the

row-permutation matrix (unit matrix with inter-
changed rows) resulting from partial pivoting in any
factorization routine, Then A~! is calculated in
four steps:

1. The elements Tik of L™ are computed from the
elements lj; of L with the following recursive
formulas:

_ 1 i-1
TR WD DL TR S Bk
ii m=k
- 1 .
eI =
ii
lik =0 i<k

2. The elements Tji of U-1 are computed from the
elements ug, of U with the following recurrsive
formulas:

k-1
L D D i<k
m=i+1
k-1
(any symbol Z X is tobe interpreted as zero)
m=k
K 1 i=k
u, = 0 i>k
3. The elements 3y, of the product vl . L1 are
computed with the formulas:
N
=1 +Y u -1 izk
ik i+l im mk
N
Yk~ )3 Yim 1mk i<k
m=k

4, The resultant product vl o-lis multiplied
on the right by the inverse permutation matrix P~1
giving:

-1 -1 -1

Aloyl.optp

That is, the columns of the product vl . 11 are
rearranged according to the interchanges performed
during the factorization of the matrix,
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Programming Considerations: e Subroutine MIS

.
Matrix A is required in the factored form: wis.. nis
/ IMIS
/* */MIS
/% INVERT SYMMETRIC POSITIVE DEFINITE MATRIX ®/MIS
= . A */M1S
A P L ° U / /MTS
PROCEDURE(A,N),. MIS
DECLARE MIS
ERRODR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MIS
where L is the lower triangular matrix, U the upper SUM BINAPT FLOAT(53), nis
.
i i i BINARY FLODAT, /*SINGLE PRECISION VERSION /%S*/M[S
trlangula‘r ma'tmx Wlth' unit diagona'l’ and P the /% BINARY FLDAT{53), /*DOUBLE PRECISION VERSION /%D*/MIS
$ 1 (ICOLsIPIV,IROWsJyKyL yLNyMyN) MIS
permutation matrix corresponding to the integer BINART Eixpo  WrdrKaLiLN K, e
/ /M1S
vector IPER., L and the superdiagonal part of U are /*INVERT TRIANGULAR MATRIX */MLS
LN =Ny . / IMIS
X
- J =0¢. MIS
to be stored in the two-dimensional array A. W JHTEST SPECIFIED PARAMETER N erilS
THEN DO, . LI
If the required factorization is done using the SSP O taetpr, . /40 HEANS WRONG INGUT s
GO TO RETURN, ., MIS
procedure MFG, the resulting arrays A and IPER N ’ I
/*PERFORM LOOP OVER ALL ROWS */MIS
may be directly used as input for MIG. The inverse 00 K =0 T th-1,. ms
P =0y M
matrix A~! is calculated by MIG in the storage Dy il MK
IF PIV= 0 /%1S ANY DIAGONAL ELEMENT ZERQ */MIS
locations of array A. THEN DO, . MIS
ERRCR=1S1,, /%S MEANS MATRIX IS NOT */MIS
GO TO RETURN,. /*POSITIVE DEFINITE */MIS
END,y « MIS
PIVyALJ+K)=1/P1V,. MIS
L =1 TO Ky. /*EXECUTE LOOP IN (K+1)-TH ROW */MIS
SUM  =0,. MIS
IROW =J,. MIS
ICOL,IPIV=IPIV+L,. MIS
DO M =L TO Ky. /*CALCULATE SCALAR. PRODUCTS */MIS
SUM !SUMHULTIPLV(A(lRUﬂ).A(ICOL)vSB)'- MIS
ICOL =ICOL+M,. MIS
IROW =IROW+1,. MIS
END,. MIS
Al{J) =-SUM*PIV,. /*CALCULATE NEW ELEMENT */MIS
J =J+l,. MIS
END, . MIS
END, .« / /MIS
/*MULTIPLY WITH TRANSPOSE */MIS
=Cye / IMIS
DO K =1 TO LN,. /*PERFORM LOOP OVER ALL ROWS */MIS
IROW =K, MIS
DO L =1 TO K,. /*EXECUTE LOOP WITHIN K-TH ROW */MIS
SUM  =C,, MIS
ICOL,J=J+1,. MIS
IFOW =IROW-1,. MIS
DO M =K TO LN,. /*CALCULATE SCALAR PRODUCTS */MIS
SUM =SUH4HULT[PLV(A(ICDL).A(ICOLHROH).SB)'- MIs
ICOL =ICOL+M,. MIS
END, MIS
ALJ) =SUM, MIS
ENDy o MIS
END,y o MIS
RETURN. . MIS
ENDy . /*END OF PROCEDURE MIS */MILS

Purpose:

MIS inverts a symmetric positive definite matrix A,
which is given in factored form (Cholesky):

A =T - transpose (T)

Usage:

CALL MIS (A, N);

A(N*(N+1)/2) - BINARY FLOAT [(53)]

42  Mathematics--Matrix Operations--Linear Equations

Given one-dimensional array con-

taining the lower triangular factor T
of matrix A stored rowwise in com-
pressed form (possibly resultant
array A of SSP procedure MFS).

Resultant lower triangular part of
calculated inverse (A) stored row-

wise in compressed form.
BINARY FIXED

Given order of matrices A and T.



Remarks:

ERROR='P' means error in specified dimension:
N<o
ERROR='S' means given triangular factor T has

at least one pivot equal to zero --
that is, matrix A is not positive
definite.

The given lower triangular factor T is assumed to be
stored in compressed form -- that is, rowwise in
N*(N+1)/2 successive storage locations, On return
the lower triangular part of the inverse of A is
stored in the same way,

Method:

It is supposed that the symmetric positive definite
matrix A is given in the factored form (Cholesky):

A =T « transpose (T)

where T is the lower triangular factor, possibly
calculated by SSP procedure MIS,

In the first step MIS inverts the given triangular
matrix T in the storage locations of T. Using

inverse (transpose (T)) = transpose (inverse (T))

in the second step MIS multiplies inverse (T) with
its transpose on the same storage locations, giving

inverse (A) = transpose (inverse (1))
« inverse (T)

Thus, the given lower triangular factor T is re-
placed by the lower part of the resultant inverse (A)

For reference see:

A. 8. Householder, The Theory of Matrices in
Numerical Analysis, 1965, pp. 125-130,
R. Zurmiihl, Matrizen, 1964, pp. 77-79.

Mathematical Background:

Suppose the symmetric positive definite matrix A is
factored in the form:

A =T - transpose (T)
where T is a lower triangular factor matrix. Then:
inverse (A) = transpose (inverse (7))

+ inverse (T)

1. The elements tj; of inverse (T) are computed
from the elements tj; of T using the following re-
cursive formulas:

i-1

mz=:k tmk'tim
- _ ‘>
bk t. 1>k

11

- 1 ._
bk Tt 1=k

11
= <
tik 0 i<k

2. From inverse (T) the elements 3j of inverse
(A) are calculated as follows:

N
= 20 T T 12k
m=1
witha, =a

Programming Considerations:

The given lower triangular matrix T is assumed to
be stored in compressed form -- that is, rowwise
in N . (N+1)/2 successive storage locations, The
lower triangular part of the resultant inverse (4) is
returned in these locations of T.

If any pivot of the input matrix T is equal to zero,
the error parameter ERROR is set to 'S' and further
calculation is bypassed. Any zero pivot in T means
that matrix A= T - transpose (T) is not positive
definite, possibly because of severe loss of signif-
icance in the factorization routine,
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¢ Subroutine MINV

MINV.. MINV 10
/ /MINV 20
/% */MINV 30
/% TO INVERT A MATRIX */MINV 40
/* */MINV 50
/ */MINV 60
PROCEDURE (A,N,D,CON) 4. MINV 70
DECLARE MINV 80
ERROR EXTERNAL CHARACTER(1), MINV 90

(19 yKeNyLUNI s MIND) MINV 100

FIXED BINARY, MINV 110
(A(*,%),8IGA,HOLDyD,CON+S) MINV 120

BINARY FLOAT,.

/*SINGLE PRECISION VERSION /#S*/MINV 130

ALK, T)==Ald,T),.
A(J,1)=HOLD,.
ENDy.
END, .«
GO TO LODP,.
END, .

MINV1250
MINV1260
MINV1270
MINV1280
MINV1290
MINV1300
MINV1310
MINV1320
*/MINV1330

FIN..
RETURNy «

ENDy . /*END OF PROCEDURE MINV

Purpose:

/i‘ BINARY FLOAT (53)s. /*DOUBLE PRECISION VERSION /3D:;:::x i;g MIN-V inVGI‘tS a general Square matrix.
ERROR="'0",. MINV 160
1F N LE O MINV 170
THEN SR ORDER OF MATRIX = 0 /MINY 190 U
ERROR="1",4. /% = 0. .
GO TO FINy. MINV 200 Sage'
END,. MINV 210
ey ° /% SINGLE PRECISION VERSION /‘S‘I:::z §§g
THEN =1.0E~5y.
/‘Y:EN g =i~0E-l5y. /% DOUBLE PRECISION VERSION /¥D*/MINV 240 CALL ]-VHNV (A, N, D, CON);
ELSE S =CONy. MINV 250
IFN=1 /% INVERT A SCALAR */MINV 260
THEN D07 v 2a0 AR
bl =A(lel)se -
1F ABS(:’) LE S M{:z ggg A(N9 N) BIN Y FLOAT [(53)]
THEN DO,. M . .
ERROR="21,4. MINV 310 Given matrix.
END, .« MINV 320 . - .
ELSE A(1,1) = 1/Dy. MINV 330 Resultant inverse of given matrix.
fo,e mwosel N BINARY FIXED
ENDy & -
D] =’:.0.. /% SEARCH FOR LARGEST ELEMENT */MINV 360
PN PEWIESH Given order of matrix A.
MIK) =Ko MINV 390
BIoA “ATKsK) ,. NINV 400 D - BINARY FLOAT [(53)]
DO I=K TO Ny. INV 410 .
= ve MINV 420
?IF] :Bg(:}?(}:) LT ABS(A(I,J)) :lNV 430 Resultant determlna:nt'
ve INV 440
THEN E?GA =AIsd)ye :INV 420 CON - BINARY FLOAT [(53)]
) =I,. INV 460 . . . .
PN iy 470 Given constant with which the determinant
END,. MINV 48 . R
1. MINV 490
o, £ / I ity §°g is compared. If the given value of CON -5
=| 1. * T E ANGE ROW */M1 1 i .
355;‘32‘5* : INTERCH o Ak 320 is zero, the program ass1gxlls the value 10
1. M . . s e - o
0O L =1 TO Noe RINY 290 in single precision and 10 5 is double
HOLD =—A(K,I)se MINV 550 .« .
A(K,11=A(Js 1) 4. MINV 560 precision,
A(Js1)=HOLD,. MINV 570
ENDy . MINV 580
ENDy o MINV 590
1 =M(K)yeo /% INTERCHANGE COLUMNS */MINV 600
IF M(K) GT K MINV 6 .
THEN D:J'. HI:V 6;3 Remarks'
DO J = 1 TO Ny. MINV 630
HOLD =—A(JyK)ye. MINV 640
AlJsKI=AlJs1) e MINV 650 .
ALJs11=HOLD, . MINY 660 A must be a general square matrix.
ENDy . MINV 680 i i
oA e s nIny eoo If no errors are detected in the p?ocessmg of
THEN SO oo Wik 710 data, the error indicator, ERROR, is set to zero.
TO COMP,. MINV 720 . . . s
ENDs - /:{& 730! The following constitute the possible error condi-
1% *, NV 74
/% DIVIDE COLUMNS BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS *#/MINV 750 i .
1% CO:TAINED lNNBlGA).1 Y Y ‘/NlNz 760" tlons that may be deteCted‘
DO I =1 TO Ny. MINV 770
IF I NE K MINV 780
Dgy A 0T - MINV 200 ERROR=1 - means that the order of the matrix is
DO I =1 TO Nye /% REDUCE MATRIX */MINV 810
IF I NE K MINV 820 less than or equal to zero.
THEN DOy« MINV 830
DO 4 =1 TO N nINY 240 ERROR=2 - means that the absolute value of the
E:IE)':.A(IyJ)=A(I.K)‘AlK.J)oA(I'Jh. :}m :(;g determinant is leSS than or equa_l tO the
Do MINV 880 Qe )
N, MINV 890 specified constant CON (see descrip-
DO J = 1 TO Nye MINV 900 . .
IF J NE K /% DIVIDE BY ROW PIVOT */MINV 910 tion of parameters for expla,natlon).
THEN ALK J)=A(K,J)/A(KsK) 5o MINV 920!
END» o MINV 930
D =D*A(KyK)yo /% COMPUTE DETERMINANT */MINV 940
OMP. . MINV 950
cone IF ABS(D) LE S MINV 960 Method:
THEN DOy MINV 970
ERROR="2",. /% DETERMINANT IS ZERO */MINV 980/
GO TO FINy. MINV 990 .
1. MINV1000 -
AlK,ng?.O/A(K.K).. /% REPLACE PIVOT BY RECIPRCCAL */MINV1010 The Sta‘rldard Gauss Jordan methOd 13 used and the
PR sruimvioas determinant is calculated.
/% FINAL ROW AND COLUMN INTERCHANGE */MINV1040
/% */MINV1050
K =Ny MINV1060
LOOP.. MINV1OTO
K =K-1lse MINV1080
IF K GT 0 MINV1090
THEN 00y« MINV1100'
1 =L(K)ye MINV1110
IF I GT K MINV1120]
THEN DOsy. MINV1130
DO J =1 TO Ny. MINV1140
HOLD =A(JyK)ye MINV1150
AlLJyK)I==A{Js1) e MINV1160
AlJs1)=HOLDs. MINV1170
END,y. MINV1180
END, . MINV1190
J =M(K)ye MINV1200
1F J GT K MINV1210
THEN DOy MINV1220
DO T =1 TO Ny. MINV1230
HOLD =A(KyI)ye MINV1240
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o Subroutine MLSQ

20 J = LN TO 1 BY —1,.
0N 1 =1 TC LKy,

MLSQ.. MLSQ 10
Prooeed Hokk Takx /MLSQ 20,
/% */MLSQ 30
/% LINEAR LEAST SQUARES PROBLEM SOLVED USING HOUSEHOLDER TRANSF.*/MLSQ 40
7% */MLSQ 50
/%% EEET2 S /MLSQ 60
PROCEDURE(AyByMsN K] yo MLSQ 70|
DECLARE MLSO 80
CAU%, %) ,B (%, %), PIVRyMAXA) MLSQ 90
BINARY FLOAT, /*SINGLE PRECISION VERSION /#*S*/MLSQ 10C

1% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D#*/MLSQ 110
(AUXIND yHy STG,BETA) MLSQ 120
BINARY FLOAT(53), MLSQ 130
(TOL,PIVIN)) MLSQ 140
BINARY FLOAT, MLSQ 150
ER&O2 EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATOR */MLSQ 160
(11J1KsLsMyNsPIVI4LMyLNyLK) MLSQ 170
BINARY FIXED,. MLSQ 180

M =M, MLSQ 190
LN =N,. MLSQ 200
LK =K. MLSQ 210
SIG =0y, MLSQ 220
ERROR=1D"', . /*PRESET ERROR INDICATOR */MLSQ 230
IF LM GE LN /%1F M LESS THAN N */MLSQ 240
THEN IF LN GE C /¥0R IF N NOT POSITIVE */MLSQ 250
THEN IF LK GT C /%0R IF K NOT POSITIVE */MLSQ 260
THEN DO, . /#THEN BYPASS OPERATION */MLSQ 270
DO L = 1 TO LNy« /*CALCULATE SCALARPRODUCTS OF */MLSQ 280

H =Cy. /%#COLUMNS */MLSQ 290

D01 = MLSQ 300

H =H+MULTIPLY (ACT4L) 5ACT,L),53),. MLSQ 310

END, . MLSQ 320

IF H GE SIG MLSQ 330

THEN DO, . MLSQ 340

SIG  =Hy. /*SAVE MAXIMAL SCALARPRODUCT  */MLSO 350

PIVI =L,. /*SAVE SUBSCRIPT OF PIVOTCOLUMN*/MLSQ 360

END,y. MLSQ 370

AUX(L) yPIVIL) =H,ye MLSQ 380

END, . / /MLSQ 390
/*DECOMPOSITION LOOP */MLSQ 400

ERROR=10",. / *x%/MLSQ 410

00 L = 1 TO LN,. MLSQ 420

TOL  =PIVIPIVI),. /*ORIGINAL LENGTH OF PIVOTCOL. */MLSQ 430

IF PIVI GT L /%SHOULD COLUMN BE INTERCHANGED*/MLSQ 440

THEN DO.. MLSQ 450

H =AUXIL) . /*INTERCHANGE SCALARPRODUCTS  */MLSQ 460

AUX(L) =AUX(PIVI) 4. MLSQ 470
PIV(PIVI)=PIV(L)+. MLSQ 480

v MLSQ 490

TO LMy. /*INTERCHANGE LOWER PART OF */MLSO 500

PIVR =A(J,L)s. /*COLUMNS OF A */MLSQ 510

A(JsL)=A(J,PIVI) . MLSQ 520

ACJ4PIVI)=PIVF,. MLSQ 530

END, . MLSQ 54C

END, . MLSQ 550

1F L 6T 1 /+*RECALCULATE COLUMN LENGTH */MLSQ 560

THEN DO, . /*T0 AVOID ROUND-OFF PROBLEMS #/MLSQ 57C

SIG  =Cy. MLSO 580

DO I =L TO LM, MLSQ 590

SIG  =SIGHMULTIPLY(ACL L) 4AUT,L)453),. MLSQ 600

END,. MLSQ 610

END, . MLSQ 620

IF TOL= © MLSQ 630

THEN DO, . MLSQ 640

IF EKROR NE '8¢ MLSQ 650

THEN IF ERROR NE 'W' MLSQ 660

THEN /*GIVEN A HAS ZERO-COLUMN(S)  */MLSQ 670

FLSE MLSQ 680

TOL MLSQ 690

END, . MLSQ 700

BETA =TOL*1E-10,. /%SINGLE PRECISION VERSION /#S#/MLSQ 710

7% 3ETA =TOL*1E-2C,. /*DOUBLE PRECISION VERSION /%D*/MLSQ 720
IF SIG LE BETA MLSQ 730

THEN DO, . /*INDICATE LOSS OF SIGNIFICANCE*/MLSQ 740

IF ERROR NE 'B° MLSQ 750

THEN IF ERROF NE 'S°* MLSQ 760

THEN ERGOR='W'y. MLSQ 770

ELSE ERROR='B',. MLSQ 780

IF SIG LE 0 MLSQ 790

THEN SIG =BETA,.  /*MODIFY ZERQ VALUE */MLSQ 800!

ENDy . MLSQ 810

SIG  =SQRT(SIG),. MLSQ 820

H =ALL,LY . MLSQ 830

IF H LT © MLSQ 840

THEN SIG  =-SIG,. /*FORCE SIGN(SIG) TO SIGN(H)  */MLSO 850
PIV(L)=PIVI,. /%#SAVE INTERCHANGE INFORMATION */MLSQ 860

A(LyL) BETA=H¢SIGy. /*TRANSFORM DIAGONAL ELEMENT  */MLSQ 870
AUX(L)=-SIG,. /*SAVE DIAGONAL ELEMENT */MLSQ 880

BETA =SIG*BETA,. MLSQ 890
/*TRANSFORM SUBMATRIX OF A */MLSQ 900

PIVR =0,. MLSQ 910

D0 J = L+1 TO LN,. /*TRANSFORM LOWER PART OF A *#/MLSQ 92C

H =C,. /*COLUMNS L+1 UP TO N ONLY */MLSQ 93¢

DO T = L TC LM,. MLSQ 940

H SHEMULTIPLY(ALT L) o ACT,J),53),. MLSQ 950

ENDy . MLSQ 960

SIG  =H/BETA,. /*MODIFY J-TH COLUMN */MLSQ 970

DO I = LM TO L BY -1,. MLSQ 980

H =AU, ), MLSQ 990

ULy d)=H-ALT L) £S1G, . ML SQ1000

END,. /%*NEXT UPDATE COLUMN LENGTH */MLSQ1010

H =A(Lyd)ye MLSQ1020

AUX(J) yH=AUXCI)—HEH, o MLSQ1030

IF H GE PIVR /*¥SEARCH NEXT PIVOTCOLUMN */MLSQ1040

THEN DN, . MLSO105¢

PIVR = MLSQ1060

PIVI =Jy. MLSQ10T70

END, . ML SQ1080

END, . MLSQ109C

/*TRANSFORM LGWER PART OF */MLSQ1100

D0 J = 1 TO LK,. /*RIGHT HAND SIDE MATRIX B */MLSQL11C

H =0y, MLSQ1120

001 =L TC LM, MLSQL13C

H SHEMULTIPUY (ACT, L) 1 BU1,0)553) . MLSQ1140

EN MLSQ1150

MAXA ~H/een.. /*MODIFY J-TH CCLUMN */MLSQ1160

DO I = L TC LM,. MLSQL170
BOI,J)=B(I,J)=AlI,L)%MAXA,. MLSQ118C

END, . MLSQ1190

END, . MLSQ1200

END, . /*END OF DEC(‘MPOSITIUN Loop #/MLSQ1210

* FHEERSEEEE/MLSQL220

/*BACKSUBST ITUHDN' INTERCHANGE *#/MLSQ123¢C
JRRFERR R AR SR Sk kAR R KRR K FFE /ML SQ L1240

H =BlJI)ye MLSQ1250

D0 L = J+1 TO UNy. MLSQ1260

H =H=MULTIFLY(A(JsL)4BILyT)452),. »LsQlL27ce

END,y . MLSQL280

PIVI =PIVIJ),y. ML SQ129C
BLJ,1)1=B(PIVI,1),. MLSQ1300
BIPIVI,I)=H/AUX(J),. MLSQ1310

END, . MLSQ1320

END, « MLSQ1330

IF LN LT LM /*COMPUTE LEAST SCUARES */MLSQ1340

THEN 0O J = 1 TO LKy, /%IN CASE OF AN CVERDETERMINED */MLSQ1350
H

=Cse /*EQUATION SYSTEM ONLY */MLSQL360

DO I = LN#1 TO LM,. MLSO1370C

H ZH+MULTIPLY (B(14J)+BII4JDy53),. MLSQ138C

ENDy . MLS01390

B(LM,J)=H,y. vLsQl400

ENDy o MLSQl41C

ENDy . /*END OF OPERATION */MLSQL420

ENDy . /*END OF PROCEDURE MLSQ ®#/MLSQ1430
Purpose:

MLSQ calculates X satisfying AX=B, that is, the
solution of a system of linear equations using House-
holder transformations. The least squares solution
is obtained in case of an overdetermined system of
equations.

Usage:

CALL MLSQ (A, B, M, N, Kj;

A(M, N) - BINARY FLOAT [(53)]
Given coefficient matrix of equation
system.
A gets destroyed.

B(M,K) - BINARY FLOAT [(53)]
Given matrix of right-hand sides.
Resultant solution of A:X=B stored in
upper N rows of B, and if M>N resultant
square sum of residuals for I-th right-
hand side stored in elements B(M,I) for
I=1, 2, ..., K.

M - BINARY FIXED
Given number of equations, that is, num-
ber of rows of matrices A and B,

N - BINARY FIXED
Given number of unknowns, that is,
number of columns of matrix A and
number of rows of resultant X, which
is overlaid with B.

K - BINARY FIXED
Given number of right-hand sides, that is,
number of columns of B.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions

that may be detected:

ERROR='D' means incorrect dimension(s); not all
of the conditions M >N >0, K > 0 are

satisfied. Operation is bypassed.
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ERROR='W' means warning, indicating possible
loss of significance in resultant X.

ERROR='S' means A has at least one zero-
column. Resultant X is a least
squares solution (not necessarily of
minimal norm).

ERROR='B' implies both ERROR='S' and ERROR=
'W'; that is, resultant X is a least
squares solution, but possibly affected
by loss of significance.

The internal relative tolerance for test on loss
of significance is set to 10-5 in single precision
and to 10-10 in double precision. In the single
precision version, scalar products are accumulated
using double precision arithmetic.

Method:

A is reduced to upper triangular form, using
Householder transformations successively. The
same sequence of transformations is applied to
given right-hand-side matrix B. Solution X is then
obtained using backsubstitution.

For reference see:
G. Golub, "Numerical Methods for Solving Linear

Least Squares Problems', Numerische Mathematik,
vol. 7, 1965, pp. 206-216,

Mathematical Background:
Notation

The transpose of & matrix A is written as AT, The

kth column vector of A is written as A Jk and the
ith row vector as Aj x. The Euclidean norm of the

r

3. .
vector R = < )is abbreviated:

Tn

— n "—‘”';
Irll =v/&rTR 21 2. T
i=1

Froblem

For a given m by n coefficient matrix A vithm =n
and an m by k matrix B of right-hand sides, an n by
k matrix X must be calculated that solves AX = B
in the least squares sense, that is:

” By - AXy ” = min, forj=1, 2, ..., k

The determination of X is based on the reduction of
the matrix A to an m by n matrix R of the form

()

by means of an orthogonal transformation Q, so that
U is an upper trangular matrix of order n,

QA =R

Then, the given equation AX = B can be solved as
follows:

QAX = QB
RX = QB
X =[ulo] qB

if U is of maximal rank (otherwise, see "Program-
ming Considerations'). It is interesting to note
that U is the triangular factor provided by the
Cholesky factorization of ATA.,

ATa = yTy

Householder's transformations

The reduction of the given matrix A to the matrix R
can be achieved by means of a sequence of (n-1)
orthogonal transformations the product of which will
be Q. This can be written as

4
AL
AW o pd 0D , n-1
where A(l) is supposed to have the same form as R

in its first i columns, and where P(i) is an
orthogonal matrix. Then:

R = A®°D

Among the possible matrices P(l) , let us consider
those of the form

pM 1 4 @ ) 0T

where I is the unit matrix and w a vector of order m
related to the scalar (1) # 0 by

0 W, _ _2
<wW,w >—_E(i)
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It is easy to see that these matrices are orthogonal
and symmetric. By definition of A(), P can be
written as

50 =I+m g0 ) (00T
where:

AT O, v v )

vj(i) = 0forj<i

vj(i) = a.gi'l) forj =i

gV - - sigm v, )| @

and where e; is a vector of order m whose compo-
nents are zero except for the i-th, which is one.
Actually, neither matrices P(1) nor matrix
Q =pm-1)  p() is computed explicitly,
Each column k of A(f) , k=i, ..., n, is
calculated from column k of Ali=1) gg follows

@ _ AG-1) ., 1 ()
Age = A {0 00, <v
1

@)

(i- (i) (i)
&, Auc TV - g e)
The columns of matrix B are modified in the same
manner.

Pivoting

To keep roundoff errors as small as possible, an
interchange of columns is performed before the i-th
transformation, so that the i-th column of A(i-1) gets
permuted with the k-th for which || v ” is maximum.
k is determined by:

s(i) =  Max (s,(i))
i<j=n
where:
0 -3 [a(?‘”]?‘
J =i q

Back substitution

When the matrix is reduced to the triangular form,
the solution is obtained by back substitution. The
interchange of rows determined by the pivoting is
applied to the solution as soon as any component is
computed.

Programming Considerations:

The procedure may fail if, at any intermediate step
i, no column with nonzero parameter g(i)can be
found -- that is, if no nonzero main diagonal element
in U can be generated. In this case, the rank of the
matrix A is less than n, Because of roundoff errors
this situation may even occur if the rank of the given
matrix A equals n. In order to indicate this ill-
conditioned case, with its possible loss of signif-
icance, each l g(i) l is compared against a tolerance
TOLi. TOL, is the product of the norm of the cor-
responding column in the original matrix A times
the internal tolerance EPS (10'5 in single precision
and 10710 in double precision),

1. If the relative tolerances TOL; are all positive
(no zero columns in original A), then ERROR =
'w' if | gli)| > TOL, does not hold true for all
i=1, 2, ..., n, Zero elements g(i) get replaced by
TOL; - 10-10 (TOL - 10720 in double precision),

2. If A has zero columns (corresponding
TOL; = 0), then ERROR ='S', The corresponding
gl) is set to 1E710 or 1E-20,

3. If cases 1 and 2 occur combined, ERROR = 'B',

Case 1 indicates possible loss of significance in
resultant solution X. Case 2 means that X is a
least squares solution but possibly not the uniquelv
determined one of minimal norm.

For full understanding of the procedure note tua: -

1. The g(i) 's are recalculated to avoid roundoff
problems.

2. The resultant X is overlaid with the given rignt-
hand sides.

3. Least squares deviations are calculated only
in case m >n, and stored in the last row of the given
right-hand-side matrix.
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PRUCEDURE ML SQ CALCULATES THE LEAST SQUARES SOLUTICN OF AN OVERDETERMINED SYSTEM OF SIMUL TANFOUS LINEAR EQUATIONS

FREEIA2 KRR E SIS R R

EZI T VSES IS 2223 23 * TOL=PIV(PIVI} *
* * * SQUARE OF *
®*PRUCEDURE MLSY * oo s X¥E ORIGINAL XN eeeoaseasscsesssnseasncssassessecsecsscacscscscosssssnsss
* * . % COLUMNLENGTH *
Exekxk ek Rk - * .
. L RRRERERRARRRARENE .
):( : ')‘( :
R | E R ERRR R : B2" % FEARKRIEERERREREE EEEERB GRRARRREERE |
* * . +« ¥SHOULD *. % INTERCHANGE ¥ * * .
* PRESET * . +% COLUMN BE %, YES *SCALAR PRODUCTS* * SAVE AND * .
* ERROR=1*D? * . ¥, INTERCHANGED «%eceveeeX®AND COLUMNS 0OF % oX¥ TRANSFORM * .
: : - ‘.‘ ‘.* :LQWER SUBMAYR[X: % PIVITELEMFNT : .
P Y . ‘a8 T T T 1 ARKERKERRKRRERRKE
. . * NO . . . .
. . Meeeoeoesconcaecaancananen . . .
X . - . - .
¥ - X B X .
c1” Cx, T RRERICOERRERERRRE D seeRCorEEsEsREEx L
ok HAS %, - * RECALCULATE * - *TRANSFORM LOWER* .
YES J*MATRIX LESS*. . * COLUMN LENGTH * . * MATRIX, * .
eeee®e ROWS THAN % - *TO0 REDUCF ROUND¥* - * UPDATFE SCALAR * .
- *-*CDLUMNS*.* - * OFF : . : ucTY .
N PN L ARRRSRRRRRRFENRE T KRREEKERRERESRERE L
. * NO - . . - .
. X 2 N : . .
. . . X - X .
. 'R L EREEaDAREEREERER PR P P e L T T I
. IS *eo - * [F TOL IS O * . * SELECY NEXT * .
X BER QF *x, . *THEN SFT ERROR * - * PIVDTCOL UMN * -
. LUMNS o¥ B * 10 *'S* RESP, ¥ - * [.E. SIG ANB * .
. ITIVE .* . * 8%, REPLACE * . * PIVI * .
. o¥ . * Y 1 * . * x .
N R L RERERERRRERR AR RS T REEEERREREEEECREE L
. YES B . - - .
. . : X : X :
. x, L AEREAERERRRTERRE L O EREERELRREREREREE L
. ER *, - * COMP. BETA * . * * .
X GHYT *, . *( TOLERANCE FOR * . *TRANSFORM LOWER* .
. IDES .* . * LOSS OF * . % PART OF RIGHT % .
. IVE*. - : SIGNIFICANCE) : - : HAND SIDES : .
N o T ARREIEARTRRERRRAE D REREERRRRERREERRE
. * YES - . . -
B x s 5 : .
T REEKEF  REREEREREE M 27 . EEERXFIRAAEKRKERE : .
- *GENERATE SCALAR* . o ¥ N * SET ERROR 1O * - .
. %  PRODUCTS OF * - +% IS SIG * Y * TW* RESP. 'BY * . R
. #(COLUMNS IN AUX * . *, EXCESSIVELY e*ceeeeeeaX¥* AND SIGTO * . ee
- i AND P IV : - *.‘ SMALL ‘.' * MAX {SIG,BETA) : .
L AR RER KRR KRR : Y FEEEE SRR EEERRKE : ®, %
. - - * NO - - * S
: : : CXeaessancccnncananscsacans . .
N X : X . X
T eEERRGLEREERERERE L ERREG2RRRRREARS L EREREGAR SRR ERRRK
. * PUT INDEX OF ¥ - * * - % COMP, ROWS OF *
. #*P IVUTCOLUMN IN ¥ . * FORCE SIGN OF # . * LEAST _SQUARFS *
. #«PIVI AND VALUE * . *SIG TO SIGN OF * - * SOLUTION BY *
. * IN SIG * o * PIVOTELEMENY * - * BACK- *
. * * - * . * SUBSTITUTION *
T A s ] L RRERARRERFEREERRE D SRR EREERERERRERS
: X . X : X
L EEREHRERERRREEK L EEERRH2ARERRAIEEE L AEREEHARERRRRREN
. * * . * SAVE * . *
- * PRESET * - * [ NTERCHANGE % B * REINTERCHANGE *
. * ERROR=10* * . *INFCORMATION IN %, cceceaccccscccnscasccccccncccce * COMPUTED *
- * : : VECTOR PIV : : SOLUTION :
Loox
L REERRRRKERRERRER KRR BRREEE IR EEEFREEREERRRRRS
. X
. ok,
B Ja *,
. SRR JIRRERRRERE L% HAS %,
. * & NO <*MATRIX MORE*,
e eeecsessecsecassscssesscssscscossssscnnsvassssassasssX ¥PROCEDURE MLSQ %X eeesosee®e RIWS THAN ¥
* * *, CNDLUMNS .*
TEREREEEEREREEE ' ox
X *, Lk
. *TYFS
N X
. RREEAK LR BERRRERRE
- *
- *CALCULATE LEAST*
cecesssssccsccsccsk RES *

RESIDUAL S :
Tk RE Rk kk Rk KR RKE
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e Subroutine MGB1/MGB2

MGB1.. MGR
[ Rk ok % TR REHEE AR EEEF R RAREKEE/MGR
/% */MGB
/% FOR AN FQUATION SYSTEM A*X=F WITH BAND MATRIX A=L*U */MGB
/* CALCULATE CPTIONALLY */MGB
/% UPPER TRIANGULAR FACTCR U AND SOLUTION X, */MGB
A UPPER TRTIANGULAR FACTOF U AND INVERSE(L)*R, */MGB
/% INVERSE(U)*R FCR GIVEN U,R. */MGB
/% */MGB
/ * AR kR R KRR R KR /MGB
PROCEDURE( A8y NyNLDyNUD My EPS,CPT), . MGR
DECLARE MGB
ERROR EXTERNAL CHARACTER(1), /*EXTERNAL ERROR INDICATCR */¥GB
(2PT,COPT) CHARACTER(L), MGB

EPS BINARY FLOAT, MGB

SUM BINARY FLOAT(53), MGB

(AR %) GRUF¥) 4 LX) 5 SLIN) 4 PIV,W) MGB

BINARY FLOAT, /*SINGLE PRECISION VERSTION /*S%/MGB

1% BINARY FLCAT(53), /*DOUBLE PRECISION VERSION /%D*/MGR
CIPER(*),1,1BAC,IND,INL,IPIV, MGB
JeKeKLyLMsLLMyLNsLNLDyLNUD, M, MG8
NsNByNLDyNUD) MG8B

BINARY FIXED,.. MGB

=1, MGR

GD 10 BDTH-. MGB
MGB2.. MGB
/ TS /MGR
/% */MGB
1% FOR AN EQUATION SYSTEM A%X=F WITH BAND MATRIX A=L*U */MGB
Al COMPUTE OPTIONALLY */MGB
/% TRIANGULAR FACTORS L,U POSSIBLY COMBINED WITH */MGB
% CALCULATION OF X OR INVERSE(L)*R, */MGB
i INVERSE(L)*R OR INVERSE(A)*R FOR GIVEN L,U,R. */MGB
/% */MGB
/ /MGB
ENTRV(A.R,LylPERvNvNLDyNUDvaEPS.C‘Pf).. MGB

ve MGR

BOTH.‘ MGB
N =Ny. /#STORE VARIABLES Ny M, NUD, */MGB
LM LLM=M,, /*NLD FROM CALLING SEQUENCE */MGB
LNUD =NUD,. /*INTO LOCAL PARAMETERS */MGR
LNLD =NLD,. MGB
ERROR="P ', , /%P MEANS WRONG INPUT */MG8B

IF LM LE O /*VALUE M MUST BE POSITIVE */MGB
THEN GO TO RETURNy. MGB

IF LNLD LT O /*NUMBER OF LOWER CODIAGONALS */MGB
THEN GO TO RETURN,. /*NLD MAY NOT BE NEGATIVE AND */MGB
IF LNLD GE LN /*EQUAL TO OR GREATER THAN N  */MGB
THEN GO TO RETURN,. MGR
IF LNUD LT C /*NUMBER OF UPPER CODTAGONALS */MGB
THEN GO TO RETURN,. /*NUD MAY NOT BE NEGATIVE AND */MGB
If LNUD GE LN /*EQUAL TO OR GREATER THAN N  */MGB
THEN GO TO RETURNy. MGB
ERROR='0",. /*PRESET ERROR INDICATOR */MGB
NB =LNUD+LNLD+1,. /*CALCULATE THE MAXIMUM WIDTH */MGB
IF NB GT LN /*0F BAND MATRIX */MGB
THEN NB  =LN,. MGB
IBAC =1,. /*IBAC IS AN INDICATOR FOR */MGB
KL =0y /*BACKSUBSTITUTION */MGB
COPT =0PT,. MGB
IF COPT= ‘A" /*CALCULATE INVERSE(L) * R */MGB
THEN D0, . /*FOR GIVEN L, Uy R */MGB
IND =0y, MGB

IBAC =0y. MGB

GO TO GAUSS, MGB

ND.. MGB

1F cop . /#CALCULATE INVERSE(U) * R */MGB
THEN GD 10 BACK'. /*FOR GIVEN U, R */MGB
IF COPT= 'C MGB
THEN DOy . /*CALCULATE INVERSE(A) * R */MGB
IND =0,. /*FOR GIVEN L, Uy R */MGB

GO TO GAUSS,. MGB

MGB

/*COMPUTE TRIANGULAR FACTOR U */MGB

THEN DO, . /*AND OPTIONALLY L AND */MGB
IBAC =0y, /*CALCULATE INVERSE(L) * R */MGB

GO TO SCALs. /*FOR GIVEN A, R */MGB

ENDy . MGB

IF COPT= 'F* /*#COMPUTE TRIANGULAR FACTORS  */MGB
THEN DOy« /%L AND U FOR GIVEN MATRIX A */MGB
IBAC =0y, MGB

LLM =04, MG8

GO TO SCALy. MGB

END,y « /*COMPUTE TRIANGULAR FACTOR U */MGB

IF CoPT= 'y’ /*AND INVERSE(U)*R FOR GIVEN  */MGB
THEN LLM  =0,. I‘A. 3 */MGB
*/MGB

SCAL.. /‘CALCULAYE SCALING FACTORS */MGB
*/MGB

K =LNUD,. /‘K IS AN END INDICATOR FOR */MGB
INL  =LNLD+LN-NB+1,. /*EACH ROW OF MATRIX A */MGB
IPIV =NB-LNUD, . MGB
DO I =1 TO LN,. /%EXECUTE LOOP OVER ALL ROWS  */MGB

IF T LE IPIV MGB

THEN K =K+1lyo /*IN I-TH ROW THE ELEMENTS */MGB

IF T GT INL /*AUI,K+1) TO A(I,NB) ARE */MGB

THEN K =K-1y. /*FILLED UP WITH ZEROS */MGB

PIV =0y, MGB

00 J =1 TO NBy . /*EXECUTE LOOP OVER I-TH ROW */MGB

IF J 6T MGB

THEN A(I,J)-O.. /*FILL UP WITH ZEROS */MGB

ELSE D0, . MGB

W -ABS(A(!,J)),. /*COMPUTE ABSOLUTELY GREATEST */MGB

IF W GT /*ELEMENT PIV IN I-TH ROW OF A */MGB

THEN P[V =Nv. MGB

ENDy. MGB

ENDy MGB

IF PIV= C /*TEST FOR ZERO-ROW */MGB

THEN 0O,. /%ALL ELEMENTS IN I-TH ROW OF */MGB
ERROR='S",, /*GIVEN MATRIX A ARE ZERO */MGB

GO TO -RETURN,. MGB

ENDy . /*STORE THE RECIPROCAL IN THE */MGB
SLUI)=1/PIV,. /*VECTOR SL */MGB

END,y » / /MGB

GAUSS .. /*GAUSS ELIMINATION */MGB
00 I =1 7O LN-1l,y. / **¥%/MGB

INL  =I+LNLD,. /*INVERSE(L)*R */MGB

IF INL GT LN MGB

THEN INL  =LNy. MGB

IF IND= C /*NO FACTORIZATION */MGB 1200
THEN DO, /%*CALCULATE INVERSE(L) * R */MGB 1210
IPIV =IPER(I},y. /%FOR GIVEN Ly Uy R */MGB 1220
GO TO INTR,. MGB 1230
END,y o MGB 1240
l(()‘ W =0,: /*INITIALIZE W FOR PIVOTING */MGB 1250
gO D0 J =I TN INL,. MGB 1260
40 PIV =ABS(A(J,1))%SL{J),./*MULTIPLY ELEMENTS WITH SCALE */MGB 1270
50 IF PIV GT W /*FACTORS AND SEARCH GREATEST */MGB 1280
66 THEN DO,. /*PRODUCT */MGB 1290
W =PIV,y. MGB 1300
;g IPIV =J,. /*STORE ROW INDEX */MGB 1310
i e 1
ENDy o
:?g 1F W LE ABS(EPS) /*TEST FOR LOSS OF SIGNIFICANCE*/MGB 1340
120 THEN IF W = 0 /%AND FOR ZERD */:g: };53
THEN DOy . 6
}Zg ERROR=1'S",., /*NEXT PIVOT IS ZERO POSSIBLY */MG8 1370
15¢ GO TO RETUPN,. /*DUE TO LOSS OF SIGNIFICANCE */MGB 1380
ENDy « MGB 1390
i?g ELSE ERRCR="W',. /*W MEANS WARNING */MGB 1400
180 PIV =A(IPIV,s1),. /%PIV CONTAINS THE PIVOT */MGB 1410
190 If IND= 2 /*STORE INFORMATION FOR ROW- */MGB 1420
200 THEN IPER(II=IPIV,. /*PERMUTATIONS */MGB 1430
210’ IF IPIv= 1 /*1S INTERCHANGE NECESSARY */MGB 1440
THEN GO TO FSUB,. MGB 1450
ggg SLIIPIV)I=SL(I),. /*RESTORE SCALING ELEMENTS */MGB 1460
DO J =1 TO NB,y. MGB 1470
2 W =ALI ). /*INTERCHANGE ROWS IN GIVEN  */MGB 1480
26C ACT,J)=ACIPIVsJ) 4. /EMATRIX A */MGB 1490
27¢ ACIPIV,J)=Hy. MGB 1500
280 END, . MGB 1510
290 INTR.. MGB 1520
300 D0 J =1 TO LM,. /*INTERCHANGE ROWS IN RIGHT */MGB 1530
310 W =RIT4Jd) e /*HAND SIDE MATRIX R */MGB 1540
220 RITyJI=REIPIVy Iy, MGB 1550
330 RUIPIV,J)=W,. MGB 1530
340 END, . MGB 1570
350 FSUB.. /*MODIFY OPTIONALLY ROWS IN */MGB 1580
360 DO J =I+1 TO INLy. /*MATRIX A AND IN RIGHT HAND */MGB 1590
370 IF IND= O /%SIDE MATRIX R */MGB 1600
380 THEN DO'. MGB 1610
390 =KL+1ly. MGB 1620
400 =L(KL) 4o MGB 1630
410 GO TO DIVLy. MGB 1640
420 EN MGB 1650
430 -AlJvHIFIV'. /%W 1S AN ELEMENT OF THE LOWER */MGB 1660
440 IF IND= 2 /*TRIANGULAR FACTOR L */MGB 1670
450 THEN DOy« MGB 1680
460 KL =KL+1ly. MGB 1690
470 LKL) =Wy /*STORE W INTO L IF REQUESTED */MGB 1700
480 ENDy . MGB 1710
490 DO K =2 TO NB, /*MODIFY AND SHIFT ROWS OF A */MGB 1720
s0c A(J,K—n AL KI=H*ACT 1K) 5 MGB 1730
510 MGB 1740
520 A(J'NB)=O'. /*LAST TERM IS SET TO ZERO */MGB 1750
530 DIVL.. /*MODIFY ROWS OF R TO COMPUTE */MGB 1760
540 DO K =1 TO LLM.. /*INVERSE(L)*R */MGB 1770
550 RUJyKI=RUJyK)—WARIT 4K) 4o MGB 1780
560 END,. MGB 1790
570 END,y . MGB 1800
580 ENDy . MGB 1810
590 IF IND= 2 MGB 1820
600 THEN IPER(LN)=LN,. MGB 1830
610 1F IBAC NE 1 MGB 1840
620 THEN GO TO RETURN,. *% /MGB 1850
630 BACK.. /*BACKSUBSTITUTION */MGB 1860
640 D0 I =LN TO 1 BY -1,. /7 /MGB 18TC
650 PIV  =A(I,1),. MGB 1880
660 IF PIv=C /*TEST FOR ZERO PIVOT */MGB 1890
670 THEN DO, . MGB 1900
680 ERROR='S", . /*PIVOT ELEMENT IS ZERO */MGB 1910
690 GO TO RETURN,. MGB 1920
700 ENDy o HgB 1930
710 INL =I-1,. MGB 1940
720 D0 J =1 TO LM,. /*L00P OVER ALL COLUMNS OF R */MGB 1950
730 SUM  =R(T4J),. MGB 1960
740 DO K =2 TO IBACy. /*CALCULATE SCALAR PRODUCT */MGB 1970
750 SUM  =SUM=MULTIPLY(A(I,K),R(INL+KyJ)453),. MGB 1980
760 ENDy. MGB 1990
770 RUIyJ)=SUM/PIV,. /*COMPUTE NEW ELEMENT IN R */MGB 2000
780 END,y . MGB 2010
790 IF IBAC LT NB MGB 2020
800 THEN IBAC =I1BAC+1l,. /*UPDATE END OF INNERMOST LOOP */MGB 2030
810 ENDy o MG8 2040
820 RETURN. . MGB 2050
830 ENDy « /*END OF PROCEDURE MGB */MGB 2060
840
850
860
870
880 Purpose:
890
900
910
: . .
3 MGB1 performs the following operations on an
940 . _ .
os0|  equation system A . X = R with general band
960 . .
s10 matrix A = - U, depending on the character of
290 an input parameter OPT:
1000
1010
1020
1030 -
- 17
loso OPT = 'L U replaces A and L™1R
1060 replaces R
1080 — 1 -1
1590 OPT ='U U replaces A and U™ 'R
1100
1110 re laces R
1120
= |t
1130 OPT = 'B R replaces R for a given
1150 U on storage locations of A
1170 2 .
1180 otherwise U replaces A and the solution
1190 -
X = A-1R replaces R
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The following table shows input and output depending

on OPT:
MGB1 - OPT| 'L!' U 'B' |otherwise
INPUT AR AR U|R AR
-1 -1 -1 -1
OUTPUT U|L -R|U|U -R|U|U -R{UJA R
Usage:

CALL MGBI (A, R, N, NLD, NUD, M, EPS, OPT);

A(N, NB) -

R(N, M) -

NLD -

BINARY FLOAT [(53)]

Given N by N band matrix A con~
sisting of the main diagonal, NLD
lower codiagonals, and NUD upper
codiagonals. A is stored rowwise
and left-adjusted so that A(i, 1) con-
tains the first nontrivial element in
the i-th row of matrix A, i=1,

2, vo., N. Thus, the maximum
number of elements in the rows of
array A is:

NB = min (N, NLD + NUD + 1)
Resultant upper band factor U stored
rowwise and left-adjusted so that
A(i, 1) contains the diagonal element
in the i-th row of the upper factor
v, =1, 2, ..., N, If OPT="'B'",

A contains U,

BINARY FLOAT [(53)]

Given right-hand-side matrix with N
rows and M columns, which implies
that M sets of right-hand-side vec-
tors are given,

Resultant solution depending on the
option parameter OPT (see

" Purpose'').

BINARY FIXED

Given row dimension of matrix A
and number of rows of right-hand
side R.

BINARY FIXED

Given number of lower codiagonals
of matrix A,
NUD - BINARY FIXED
Given number of upper codiagonals
of matrix A,
M- BINARY FIXED
Given number of columns of R, that
is, number of right-hand-side vectors.
EPS - BINARY FLOAT
Given relative tolerance for test on
loss of significant digits.
OPT - CHARACTER(1)
Given option parameter for selection
of operation (see ' Purpose'),

Purpose:

MGB2 performs the following operations on an
equation system A-- X= R with general band ma-~
trix A= L . U, depending on the character of an
input parameter OPT:

OPT = 'I' A is replaced by upper band factor
U, R is replaced by 1. R, and
lower band factor L is stored in
a one-dimensional array L omit-
ting the unit diagonal.

OPT = 'F A is replaced by the upper band
factor U and the lower band factor
L is stored in the array L. The
right-hand side R remains un-
changed.

OPT = 'A' Ris replaced by L1 R for the
given upper factor U in array A
and the lower factor L in vector
L.

OPT = 'C' Ris re{)laced by the solution
X = A""-R for given U and L,

otherwise A is replaced by the upper factor
U. The lower factor L is calcu-
lated and stored in L, and R is
replaced by the solution
X=A"LR,

The following table shows input and output depending
on OPT:

MGB2 - OPT A ol N 'c! otherwise
INPUT  |A R |A| |R|U|L| R |U|L| R |A R
-1 -1 -1 -1

OUTPUT |U|L|L -R|U|L|R|U|L|L -R|U|L|A™R|U|L|ATR
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Usage:

CALL MGB2 (A, R, L, IPER, N, NLD, NUD, M,
EPS, OPT);
A(N, NB) - BINARY FLOAT [(53)]

Given an N by N band matrix A con-
sisting of the main diagonal, NLD
lower codiagonals, and NUD upper
codiagonals, A is stored rowwise and
left-adjusted so that A(i, 1) contains
the first nontrivial element in the i-th
row of matrix A, Thus, the maxi-
mum number of elements in the rows
of the array A is:

NB = min (N, NLD + NUD + 1)
Resultant upper band factor U stored
rowwise and left-adjusted so that
A(i, 1) contains the diagonal element
ini-throwof U, i=1, 2, .,., N,

If OPT="'A"' or'C!', the array A
contains U,
BINARY FLOAT [(53)]
Given right-hand-side matrix with N
rows and M columns, which implies
that M sets of right-hand-side vectors
are given,
Resultant solution depending on the
option parameter OPT (see
" Purpose").
L(N- NLD-NLD- (NLD+1)/2)
BINARY FLOAT [(53)]
Resultant one-dimensional array con-
taining the lower factor L. If OPT =
'A' or'C', array L contains the
lower factor L, obtained by sub-
routine MGB2 with any other option
parameter,
BINARY FIXED
Resultant integer vector containing
the permutations of rows of the ma-
trix A in the factorization steps.
If OPT="'A" or'C', permutation
vector IPER must be given, obtained
by MGB2 with OPT ="'A", 'C!,
N - BINARY FIXED
Given row dimension of matrix A and
number of rows of right~hand side R,

R(N’ M) -

IPER(N) -

NLD - BINARY FIXED
Given number of lower codiagonals
of the matrix A,

NUD - BINARY FIXED

Given number of upper codiagonals
of the matrix A,
M - BINARY FIXED
Given number of columns of R, that
is, number of right-hand-side vectors,

EPS - BINARY FLOAT
Given relative tolerance for test on
loss of significant digits.
OPT - CHARACTER(1)
Given option parameter for selection
of operation (see " Purpose').
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error conditions
that may be detected:
ERROR='P' means error in specified parameters:
M =<0or NLD <0 or N <NLD

or NUD <0 or N < NUD
means all elements in a row of the
given matrix A are zero, or the
calculated pivot in a factorization
step is zero. This is possibly due to
an ill-conditioned or singular matrix
A,
is a warning indicating possible loss
of significance.

ERROR~='S'

ERROR='W'

The storage mode for band matrices is a natural
generalization of the normal two-dimensional
storage scheme: any row is stored with NB=min
(N, NLD+1+NUD) elements, but only the nontrivial
elements (that is, those within the band) must be
specified. The remaining elements are set to zero
automatically within procedure MGB1/MGB2.

Note that a fully populated N by N matrix would
require exactly N . N storage locations if stored as
band matrix in compressed form, However, the
unit lower triangular factor L would need additional
N . (N-1)/2 storage locations.

Method:

Calculations of the lower and upper band factors L,
U are done using a standard Gaussian elimination
technique. Columnwise pivoting is built in, com-
bined with scaling of rows (equilibration),

The lower band factor L is normalized such that
the diagonal contains all ones, which are not stored
(Doolittle factorization),

The procedure gets the required solutions by
means of forward and/or backward substitutions,
where the interchange information is combined with
the lower band factor L.

For reference see:

R.8. Martin and J, H, Wilkinson, 'Solution of
Symmetric and Unsymmetric Band Equations on the
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Calculation of Eigenvectors of Band Matrices",
Numerische Mathematik, vol. 9, 1967, pp. 279-301,

Mathematical Background:

Let A be an N by N nonsingular real band matrix
with NLD lower codiagonals and NUD upper codiag-
onals, In general, it can be factorized into a
product

A=P+.L-T

where L and U are lower and upper band factors
respectively., L can be normalized so that it has a.
unit diagonal, Pmeans the row-permutation matrix,
that is, an N by N unit matrix with interchanged
rows resulting from partial pivoting in the factoriza-
tion steps.

Then X = L-1. P~1.R= L-1 R is calculated
using forward substitution to obtain X from L « X=
p~l.R = R, where R is obtained from R by inter-
changing rows in the same way that rows of matrix
A are interchanged during columnwise pivoting in
factorization,

Calculation of Y= U~1.R is done using backward
substitution to obtain Y from U: Y=R.

Caleulation of Z = UL. "L p~L.r= 1. L. R
is done by first solving L+ X = R and then solving
U-Z=X,

Programming Considerations:

1, Storage Mode
The following is an example of a 7 by 7 matrix with
two lower and three upper codiagonals which shows
the storage compression of band matrices and the
storage allocation of upper and lower triangular
factors U and L.

Fully stored matrix:

41 P12 P13

391 Pgn P93

Compressed stored band matrix:

11 12
891 Pa
81 %32
81 o
351 P52
%61 262
711 P

Elements marked X need not be specified. They get
filled up with zeros automatically.

Resultant upper triangular factor U and unit lower
triangular factor L:

Y1 %2 W3 Y 15 16

Ugg  Ugg Uy Uys Uy U

Ugg  Ugy Y35 UYze M

U Uy s Yo u 0
U u56 u 0 0
Ugs 0 0 0
Uy 0 0 0
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The band-shaped upper triangular factor U is stored

rowwise and left-adjusted, so that A(i, 1) contains
the diagonal element fori=1, 2, ..., N, The
band-shaped lower unit triangular factor L is
stored in a one-dimensional array. Only the non-
trivial subdiagonal elements are stored columnwise
in successive storage locations.
2. Computational remarks
In order to improve numerical stability, partial
pivoting is used combined with an equilibration of
rows, In each row i of the given matrix A the
element ajj; of greatest absolute value is found .
The absolute values vij= 1/ laiji l are used as
weights for pivoting:
At the first step of Gaussian elimination that
element ay; is used as pivot element piv for which
- v, =max (la, ©v)
| akll k' i=1,...,NLDH ﬂl !
If necessary, rows k and 1 are interchanged in A,
Rand V= V1| and IPER(1) is set to k.

The elements in the first NLD rows are trans-
formed by means of

1i1 = aj1 i=2,...,NLD+1
piv
W _ ., 1 . .
aij aij 1il a1j j=2,...,NB
r(l) = 1. - r k=1,...,M

ik ik i1 M1k

If specified, the elements 1;; are stored in
successive locations within L.

Transformed rows of A get shifted to the left
by one position, and zero is inserted in the last
location.

Repeating this process (N-1) times gives
triangular factors U and L and the product L'lR,
in permuted form.

If at an elimination step the value of piv be-
comes zero, then ERROR is set to 'S' and further
calculation is bypassed.

ERROR is set to '"W' if, at elimination step j,

vj + piv < EPS.
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54

FUR AN EQLATINN SYSTEM
MGBL CPTIONALLY CCMPUTES X, Uy INVERSEI(LI®R, INVERSF(U)4R

A®

X =R WITH BAND MATRIX

A

=L*U

MGB2 CPTIGNALLY COMPUTES X, U, INVERSE(L)%*R, AND L
Ak EERE
* * ® *
A2 % * A4 x
* * *
*EAk *hEk
X X
. % B
A2 %, ttttkA’;tttt*tt**t A4 Cx,
FEERA L RER KK RTRE «* IS ». ok TEST %,
3P&UCtDURt MGdl * <% OPT=4F*, % VYES * INDICAT UR FOR * NO *FOR 1.OSS OF*,
ook INv=1 * *.1.E. COMPUTE .’F........X seee®. SIGNTFICANT %
. * * *, FACTORS * SUBST[YUTIUN, * . *¥.DIGITS IN.%x
. FREEEFRE R EERE B, Ly U o * * 1BAC=0 . *, W L%
. . o% FREEE EREEREREKAKE . *, %
. * NO . . * L0SS
. X . - X
N ¥ X N o,
- *, EEEFERI R XKL R ERE . 34 *,
. TR RER KK EERK 18 *, *SET LOCAL VALUE* . o¥ .
. * ENTRY MGB2, * =iy *, YFS NUMBER . o% *.
. * PRESET IND=2 * C CMPUTE .".......X‘ CCLUMNS CF R *.... . *. W=0 o ¥
- * * \VIU) R * .. . %
. FEEEXKERK KRR REEE ND Ul * * P *, %
. . . o % L e T T . . £, L%
. . * NO . . * NO
seescssssscXe . . . .
. X . . .
B0TH X o ® o . X
FHEEAC | FERFREERKE c2 .. n*ttcz.ztnttu:u
STURE _CALL ING * -% IS .- . *
*PARAMETERS INTO* «* COPT=? . e *SFT FRROR='W *
* LOCAL ONES, * *1.E, CC . . '|rl MEANS HARNING*
* PRESET LLM=M, * * INVIU) # .. 3
% ERRQOR = tps % *
FEAERRERERERERKER * X . uuuttztunux
. ik . .
. * G5 * e secessssacaXs
. EEEEs . .
i : X
DL %, t*tng;a:n":x:& . EEERKD 4R EEKKAKRRK
o . * TCH O . *STORE INFORMA- *
B IS M *. NO YES * H\DICM’OR FDR * . * TION _FOR ROW
*. POSITIVE e¥ears ¥ o * CK— * . ¥PERMUTATIONS IF%
. o . * SUESTIYUTIDN' x . *REQUESTED [.E. *
*. ¥ . * IBAC=0 * . IND=2
x. 0k . el L s T . FEREERKKERRRIRKRE
* YES - . . .
- . Xesossaaanea .
X - X
¥ . *
el Tx, . tuut FRREKED KRR RKKRERE
«*IS NLD *. . E *
SX¥GREAT., THAN®*. NO X * * RECIPROCAL OF *
*. UR = 0 AND .*¥.... * csseeX¥ PIV 1 * TE IANG!
®oLESS THEN.* . * . * VECTOR SL * EC AR Y.
. N W% . * . * . o*
., L% . . FREREBRRRREEREKEE *, .k
* YES . . . * YES
. . - ks . .
. . . * * .
. . . * F3 ¥.X. .
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Eigenvalues and Related Topics H- Real array in which the Hessenberg matrix
will be saved together with the elements of

Note: The following example illustrates a way to the transformations involved in subroutine

link subroutines MATE, MEAT, MVAT, MVEB MATE

(which follow) for the computation of the eigenvalues CH - Complex array containing the Hessenberg

and eigenvectors of a real nonsymmetric matrix, matrix for the computation of the eigen-

{Subroutines MATE and MVEB can be replaced with vectors

MATU and MVUB,) EV - Complex array where the eigenvectors are
stored

Description of the parameters used:
The other parameters are defined in the descrip-

A- Real array containing the given matrix tions of the subroutines.
(this matrix is not preserved) All the eigenvalues are assumed to be complex in
N - Order of the matrix this example, so that only N/2 eigenvectors are
computed.
e e /* MAIN PROGRAM */
N =50, .
BEGIN, . / * BEGIN BLOCK */
DECLARE
(A(N, N), RR(N), RI(N), H(N, N)) BINARY,
(CH(N, N), EIG, EV(N, N/2)) COMPLEX BINARY,
(IP(N),I1,J,K, M) BINARY FIXED,
ANA(N) BIT(1), .
CALL GEN(A,N), . / * GENERATE THE MATRIX * /
CALL MATE(A,N,IP), . / * REDUCTION TO HESSENBERG FORM * /
H=A, . / * SAVE HESSENBERG MATRIX  */
CALL MEAT(A, N,RR, RI, ANA), . / * COMPUTE THE EIGENVALUES */
I1=0,.
DOM=1TONBY?2,. / * COMPUTE N/2 EIGENVECTORS * /
I=I+1,.
EIG=COMPLEX(RR(M), RI(M)), .
CH(1,*) = H (1,%), . / * PUT THE HESSENBERG MATRIX */
DOJ=2TON, . / * INTO A COMPLEX ARRAY */

DOK=J-1TON, .
CH(J,K)=H ({J,K),

END, .
END, .
CALL MVAT (CH, N, EIG,EV(*,1)), . / * EIGENVECTORS OF THE */
/ *  HESSENBERG MATRIX * /
CALL MVEB(H, N,IP,EV(*,1)), . / * VECTORS OF THE GIVEN MATRIX * /
END, .
PUT EDIT..... /*  PRINT THE RESULTS */
END, . / * END BEGIN BLOCK */
e e e / * MAIN PROGRAM

Note that the eigenvalues of the original matrix A are equal to the eigenvalues of the corresponding
Hessenberg matrix, so that no back transformation of the eigenvalues is required.
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e Subroutine MATE Remarks:

wATE. . The elements defining the transformations lied
7 MATE 10
P IATE 39 to the matrix are stored in place of the lower tri-
./* REDUCE A REAL MATRIX TO HESSENBERG FORM */MATE 40 :
/% ELIMINATION TECHNIQUES */MATE 50 angular part of the matrix on return., These ele-
;‘ */MATE 60
FROCEDGRE A i IMATE 70 ment.s and the vector IP will be used in the com-
A a1 CaUn ) hate 2 putation of the eigenvectors of the original matrix
Ry, HATE 120 (Procedure MVEB)
BINARY(53), MATE 130 °
(NyIP(*) 4Ky KPLyKLyMyI,JyN1) MATE 140
IF N LT 3 THEN G0’ To EMATE MATE 160 d
IP(N)=N,. ' MATE 170 Method:
N1=N-1,. 180
! DO K=N1 TO 1 BY -1,. ::;E 190
KP1=K+1,. MATE 200 . s . .
K-l HATE 210 Each row of the matrix is reduced in turn, starting
U=RBSALKPLIK) )y " J— L AT 230 from .tht? last one, by applying a suitable elimination,
V-ABS (AUKPL, 101 HATE 250 and similarity is achieved by applying the left
THEN DOy . MATE 27 : . o . .
A WATE 280 inverse transformation, A Crout-like algorithm is
M=1,. MATE 290
o V00 HATE 300 used to take advantage of the accumulation of the
IP(KI=H, . MaTE 320 inner products in double precision,
THEN DO, « IAd INTERCHANGES */MATE 340
00 I=1 TO Ny. /* COLUMNS */MATE 350
C=A{I,K)y. MATE 360
ALT,K)I=A(T M), . MATE 370 For reference see:
AlI,M)=C,y. MATE 380
ENDy . MATE 390
D0 I=1 TO Ny. 1% ROWS */MATE 400
=A(KyI)y. MATE i 3 : 3
PRI naTE oo J.H. Wilkinson, The Algebraic Eigenvalue Prob-
A(My1)=Cy. E 430
tNo, s mre se0| lem, Clarendon Press, Oxford, 1965,
ve MATE 450 _—
IF A(KP1,K) NE 0 MATE 460
THEN DO I=1 TO :;;i 1) /A(KPL K{. COEFFICIENTS OF ELIMINATION */::IE Z;g‘ M .
A(KPl,1)=A » 1K)y i .
Atke1 MATE 480 athematical Background:
DO I=N TO 1 BY -1y. /% K-TH ROW OF THE HESSENBERG */MATE 500
S=A{KyI)y. /% MATRIX */MATE 510
DO J=1 TO Kl,y. MATE 520 N -
SSSMULTIPLYAIKP L) AL 1),53), MATE 530 Let us consider a matrix A of order n and the
S STHULTIPLY ALK s 91 0AE 341411 4530 . wie 2|  similarity
ENDy « MATE 570
AlKsI1)=S,. MATE 580
ENDy. MATE 590
ENDy . 00 -1
EMATE.. e ::;E :10 TAT =H (1)
RETURN, « MATE 620
ENDy. /% END OF PROCEDURE MATE */MATE 630
where H is a Hessenberg matrix associated with A
?
and T a lower triangular matrix with unit diagonal,
Purpose: Equation (1) can be written as

MATE reduces a given real matrix to upper almost TA=HT ()

triangular (Hessenberg) form by means of a se-

quence of similarities. Matrices H and T will be determined row by row,

according to the algorithm described below,
If rows (k+1) to n of H and rows k to n of T are

Usage:
assumed to be known, row k of H and row (k-1) of

CALL MATE (A, N, 1P); T will be determined as follows,
A(N,N) - BINARY FLOAT From equation (2) we get

Given real matrix, k-1 n

1fi‘ei}s(ultant upper almost triangular ma- B _ Z tk- a =h + Z hot

. _ joji ki =1 kj ji

N - BINARY FIXED 1 =

Given order of the matrix.
IP(N) -  BINARY FIXED and

Resultant vector containing information k-1 n

about the interchanges operated on rows h =2, * 2 fei 55 2 bt @)

and columns of the matrix. ! ! =1 1 j=i+1 3
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If we apply equation (3) for i =n, n-1, . . ., k,
we will obtain recursively the terms of the k-th
row of H, excepting the subdiagonal term.
(When the upper bound of a summation is less
than the lower bound, the value of the sum is
taken as zero.)

Let us determine now the (k-1)st row of T and
the subdiagonal term

From equation (2) we get

k-1 n
o+ 2 bs = 2, h.t., 1<i<k-1

=1 R ko1 O
Defining
k-1 n
i Z:1 i i jzk By by 15ik-1 - (4)
we finally obtain
= ki
B e T -1’ een by 1sisk-2 ()

To ensure stability, a technique of pivoting is in-
corporated in this algorithm,
After the computation of the my;'s, the sub-
script j is determined for which
1<i<k-
|ka I ’ mkil , i<k-1

Then the elements my; and my _q are interchanged.

So are columns j and 3k ~-1) of T, Similarly, the

columns and the rows of matrix A are also inter-

changed. Then equations (4) and (5) are applied,
The algorithm is initialized by taking

h =a

nn  nn
m.=a .

ni ni

1<is<n-1

t.=0

ni
t =1

nn

Whenmki=0fori=1, . +..,k-1, h

., k-2,

K k—1= 0 and

= '=1,
tk-li 0 fori

Programming considerations:

1. The interchanges determined by the pivoting
are stored in vector IP, This vector will be used
in the computation of the eigenvectors (subroutine
MVEB).

2. The matrix T is stored in the lower part of
the array A, overwriting the terms of the original
matrix:

tp g =4 (41, ),

2<I<N-1, 1<J<I-1
These elements t1,J will be used in the computation
of the e1genvectors (subroutine MVEB). The last
row and the diagonal of T are not stored.

3. The inner products involved in equations (3)
and (4) are computed in double precision.
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o Subroutine MATU

MATU.. MATU 10

/ /MATU 20

/% */MATU 30

/% REDUCE A REAL MATRIX TO HESSENBERG FORM */MATU 40

/% HOUSEHOLDER'S TRANSFORMATIONS */MATU 50

/% */MATU 60

/MATU 70

PROCEDURE (AyNeB)y . MATU 80

DECLARE MATU 90

(Al%,%) ,B(*),EPS,TyC»U) BINARY, MATU 100

S BINARY(53), MATU 110

(I¢J1KsKPLyKP2yN) BINARY FIXEDy.« MATU 120

EPS=1.0E-14y. MATU 130

B(L) =0y. MATU 140

DO K-l TO N-2y. MATU 150

=K+1ly o MATU 160

KPZ -KPHI,. MATU 170

S /% PREPARE K-TH TRANSFORMATION */MATU 180

DO I=KPZ MATU 190

S=S¢NULTIPLV(MIyK).A(vi)v53)y. MATU 200

END, MATU 210

T =A(KPI'K)‘A(KP1'K).. MATU 220

IF S GT EPS*T MATU 230

THEN DOy« MATU 240

s =SQRT(S+T)y. MATU 250

T =Sy. /* CHOOSE SIGN FOR STABILITY #/MATU 260

IF A(KPL,K) GT O THEN T=-T,. MATU 270

4 =A(KP1yK)=Ty o MATU 280

D0 J=KP1 TO Nj. /% ROW OPERATION */MATU 290

s =0y MATU 300

DO I=KPl TO Ny. MATU 310

S=S+MULTIPLY(A{I,J)A(1+K)453)y. MATU 320

ENDy . MATU 330

) =A(KP1yJ) . MATU 340

AlKP19J)=S/T,y. MATU 350

u =(A(KP1,4J)-U)/Cye MATU 360

DO I=KP2 TO Ny. MATU 370

AlLIsd)=A(T9J)+USA(I4K) . MATU 380

ENDy .o MATU 390

ENDy . MATU 400

D0 J=1 TO Ny. /% COLUMN OPERATION */MATU 410

s =0y MATU 420

oo l KP1 TO MATU 430

S!S#NULTIPLV(A(J,I)'A(I'K)'53).. MATU 440

ENDy . MATU 450

=A(J9KP1)y. MATU 460

A(J,KPU S/Tye MATU 470

=(AlJsKP1)~ U)/C' MATU 480

DO I=KP2 TO N MATU 490

AlJ,1)= A(J.l)bUtA(l.K)'. MATU 500

ENDs . MATU 510

ENDy .« MATU 520

BIKPL)=A(KPLyK) . MATU 530

A(KPLyK)=T,. /* TRANSFORM SUBDIAGONAL TERM */MATU 540

ENDy.o MATU 550

ELSE B(KP1)=0y. /% BYPASS K-TH TRANSFORMATION */MATU 560

ENDy . MATU 570

RETURN, « MATU 580

ENDy. /* END OF PROCEDURE MATU */MATU 590
Purpose:

MATU reduces a given real matrix to upper almost
triangular (Hessenberg) form by means of a sequence
of orthogonal transformations.

Usage:

CALL MATU (A, N, B);

A(N,N) - BINARY FLOAT
Given real matrix,
Resultant upper almost triangular
matrix,

N - BINARY FIXED

Given order of the matrix.

BINARY FLOAT

Resultant vector containing information
about the transformations applied to
the original matrix,

B(N) -

Remarks:

Other elements defining the transformations are
stored in place of the lower triangular part of the
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matrix on return. These elements and the vector
B will be used in the computation of the eigenvectors
of the original matrix (Procedure MVUB),

Method:

Each column of the matrix is reduced in turn by
means of orthogonal similarities (Householder's
transformations).

For reference see:

J. H, Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965,

Mathematical Background:

For a given real matrix A of order n, let us con-
sider the sequence of similarities

A(1+1)=PiA(1) P li=1,2 ..., n2

Assuming that Al g of almost triangular form in its
first (i-1) columns, we will determine a trans-
formation P; such that AU*1) s of almost triangular
form in its first i columns. Among the matrices

P;, let us consider those of the form

Pi =1-2u uT (Householder's matrices) (2)

where I is the unit matrix and u a vector of order n
such that

<u,u> =1 3)

These matrices are orthogonal and symmetric, and
equation (1) can be written as

i+1)

( ()
A Pi A Pi )

Let us now define a vector v by

T

v =(v1, v2,...,vn),
with
Vk=0fork=1,2,...,i
(1) .
= =i+
vk ak,ifork i 1, ,



and try to determine the transformation Pi so that

1/2

Pi v = bei where b = + <v, v> (5)

+1

ej+1 is a vector whose components are zero,
except for the (i+1) st which is one.
The combination of equations (2) and (5) gives

Piv v-2<u, v>u

= bei_'_1

Putting <u, v> = s, u is given by

From equation (3) we get

2
=b®-vy, )2
Then the matrix P; can be written as

T

P =1+ )

1
. T————5 (v-be. ) (v-bhe
i b(vi+1 b) i+1

i+1

The sign of b will be such that the magnitude of
the denominator is maximum, that is,

sign (b) = - sign (v, ,)
in order to ensure stability.

If we now form the product PiA(i), the resulting
matrix, according to (5), will have zeros in posi-
tions (k, i), k=1+ 2, ..., n, and the term in
position (i+1, i) will be b, The (i-1) first columns
and rows remain unaltered. .

The right transformation (PiA(l)) Pj, completing
the similarity, will leave this structure unchanged.
Thus, after (n-2) transformations according to (1)
and (4), the matrix will be reduced to almost
triangular form.

When the matrix is symmetric, it is interesting
to note that the resulting almost triangular form is
symmetric also (that is, tridiagonal).

Programming Considerations:

A transformation P; for which | v; w1+ bl <1077 b |
is bypassed. All the scalar products involved in
the computation are calculated in double precision.

e Subroutine MSTU

MSTU. . MSTU 10
/ Pre— /MSTU 20
*#/MSTU 30

/* REDUCE A COMPRESSED SYMMETRIC MATFIX TO SYMMETRIC TRIDIAGONAL FORM*/MSTU 4C
*/MSTU 50

‘/ /MSTU 60
PROCEDURE (AyNyD+CD) 4. MSTU 70
DECLAPE MSTU 80
(A(%)4D(*),CD{*),T,EPS) BINAFY, MSTU  9C
INyN2,ICD,MP2,MyMPyJy1yLsLKsK) BINARY FIXEDy MSTU 100
(SyDT) BINARY(53),. MSTU 110

N2 =N-2y MSTY 120
IF N2 LE f‘ THEN GO TO EMSTU,. MSTU 130
0(1) =All)y. MSTY 140
EPS MSTU 15C
ICD =Gy . MSTU 160
MP2 =2, MSTU 170
D0 M=1 TO N2,. /% COMPUTE NEW SUBDIAGONAL TEFM*/MSTU 1#.

MNP =MP2y. MSTU 190

MP2  =MP+1,. MSTU 20C

ICD =ICD+MP,. MSTU 210C

J =ICDy. MSTU 220

S =0y. MSYU 230

DO I[=MP2 TO Ny. MSTY 240

=J+l-1y. MSTU 250

DUI) =AUJ),. MSTU 260
S=S+MULTIPLY(D(I),D(I)453),. MSTU 270

END,y . MSTU 280

T =A(ICD)*A(ICD) . MSTU 290

IF S GT T#EPS THEN GO TO TRANS,. MSTU 30C
CO(M)=A(ICD),y. A BYPASS TRANSFORMATION */MSTY 31C

GO TO BYPASS,. MSTU 320
TRANS.. MSTU 330
CD(M)=SQRT(S+T),. MSTU 340

IF A(ICD) GT C THEN CD(M)=-CD(M),y. MSTU 35C
D(MP)=A(ICD)-CD(M),y. MSTU 360

J =1CD-M,. MSTU 370

oT =0y 1% COMPUTE VECTORS DEFINING */MSTU 380

DD L MP TO N,. 1% THE TRANSFORMATION */MSTU 390

=J+L-1,y. MSTU 400

S =0y, MSTU 410C

LK =y MSTU 420

DO K=MP TO Ly. MSTU 430

LK =LK+1, MSTU 440
S=SH4UL‘HPLY(MLK].D(K)'SB)v MSTU 450

ENDy . MSTU 460

DO K=L+1 TO N,. MSTU 470

LK =LK+K-1, MSTU 480

S S*HULTlPLV(A(LK)yD(K)'53)v MSTU 490

MSTU S5CO

oT =DT*S‘D(L),. MSTU 510

CD(L)=S,. MSTU S2¢

ENDy . MSTU 530

o7 =C.5%DT,. MSTU 540

T =D{MP) *CD(M),. MSTU 550

DO L=MP TC N,. MSTU 560

D(L) =D(L)/Ty. MSTU 570
CO(L)=CO(LI+DT*DU(L) . MSTU 580

ENDy « MSTU 590

J =1CD-M,. 1% PERFORM SIMILARITY */MSTU 600

D0 K=MP TC N,. MSTU 610

J =J+K-1y. MSTU 620

LK =y, MSTU 630

DO L=MP TO K,y. MSTU 640

LK =LK+1,. MSTU 650

S =A(LK), MSTU 660

S= SH‘ULTIPLV(D(L)'CD(K)'5310HULYIPLV(DUU CO(L)+53),.MSTU 670

ACLK)=S,. MSTU 680

ENDy. MSTU 690

ENDy .« MSTU 7CC

BYPASS.. MSTU 710
D(MP)=A(ICO+1),. MSTU 720

ENDy . MSTU 73C

ICD =1CD+N,. MSTU 740
CD(N)=ACICD),. MSTU 750
DIN) =A(ICD+1),. MSTU 760
D0 J=N-1 TO 2 BY —1,. MSTU 770
CO(J)=CDLI-1),. MSTU 780

END, . MSTU 790
€o(11=0y . MSTU 80C
EMSTU. . MSTU 810
RETURN, . MSTU 820
ENDy & 1% END OF PROCEDURE MSTU */MSTU 830

Purpose:

MSTU reduces a given real symmetric matrix to
tridiagonal form by means of a sequence of
orthogonal transformations.

Usage:

CALL MSTU (A, N, D, CD);

A(N*(N+1)/2) - BINARY FLOAT
Given matrix in compressed storage
mode.

N - BINARY FIXED
Given order of the matrix.
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BINARY FLOAT

Resultant vector containing the
diagonal terms of the tridiagonal
matrix.

D(N) -

CD(N) - BINARY FLOAT
Resultant vector containing the co-
diagonal terms of the tridiagonal
matrix in positions 2, 3, ..., N.
Remarks:

The elements defining the transformations applied

to the matrix will replace the given matrix in array
A. These elements will be used in the computation
of the eigenvectors of the original matrix (subroutine
MVSU).

Method:

Each row and column of the matrix is reduced in
turn by means of orthogonal similarities (House-
holder's transformations).

For reference see:

J.H. Wilkinson, The Algebraic Eigenvalue
Problem. Clarendon Press, Oxford, 1965.

Mathematical Background:

We know that a matrix A of order n can be reduced
to almost triangular form by means of (n-2) suc-
cessive unitary similarities (see description of
subroutine MATU). Furthermore, when A is
symmetric, these transformations preserve the
property of symmetry, and the resulting matrix is
symmetric and tridiagonal. Let us consider the
sequence of such similarities that reduces A to
the tridiagonal form Al-1),

AGD P, A@ P, AD A,

where A is assumed to be of tridiagonal form in
its first (i-1) rows and symmetric, and where P; is
the Householder matrix such that AG*1) is of tri-
diagonal form in its first i rows. We know that P;
is defined by

T

P =1+ 1)

1
i b, b (V7 Peq) (Vobey,
i+1

60 Mathematics--Matrix Operations--Eigenvalues

where:
VT = (Vl, v2, ey vn)
Vk =0, fork=1, 2, ..., 1
vk = alg)i’ for k=1i+1, ..., n
b =<y, v>1/2, sign(b)=—sig’n(vi

+1)

and where ej4q is a vector whose (i+1)st compo-
nent is one, the others being zero (see mathematical
description of subroutine MATU).

R o - _ -1
Putting x =v bei_"1 and « [b (Vi+ 1 b)] ,
we have
PiA(l) Pi = A(l) + o A(l) xxT + o xxT A(i)
+ a2<x, A(l) X > xxT
=a® [A(l) x+ 1/2 <x, AD
:I T
ax| ax
+ax [xT A(l) +1/2
<x, A(l) X>0 xT]
Since A(l) = A(I)T, this can be written as
Pi-A(l) P = AD 4 yzT 4 zyT 1
where
y= [a® va<xaAPxs1]x

2
Z=qax
Programming Considerations:

In the subroutine each similarity is performed on
the upper part of the matrix according to equations
(1) and (2).

The scalar products needed by the process are
computed in double precision.



o Subroutine MEAT

MEAT. . MEAT 10
/ /MEAT 20
/% */MEAT 30
VAd EIGENVALUES OF A REAL HESSENBERG MATRIX */MEAT 40
/% */MEAT S0
/7 /MEAT 60
PROCEDURE (A,M,RR,RI,ANA), . MEAT 70
DECLARE MEAT 80
ANA(*) BIT(1), MEAT 90
(A(‘y’),RR(‘)oRl(*hPRR(Z).PRI(Z),PANIZhR'S'EPSva.E‘I'ElZyH.T.HEAT 100
UsVy6G1yG2+63,PSI1,PSI2,PHIETA) BINARY, MEAT 110
(Ivll'lZlel'lPZ'lFB.ITleHAX.J'KvN'vaNZyPyQ'H) BINARY FIXED, .MEAT 120

€6 =1.0E-6y . IAd CONSTANTS */MEAT 130
E7 =1.0E-Ty. MEAT 140
El2 =1.0€-12,. MEAT 150
H =0e59. MEAT 160
ITMAX=30,. MEAT 170
=My MEAT 180

BEG. . /% INITIALIZATION */MEAT 190
N1 =N-1y. MEAT 200
IF N1=0 THEN GO TO ONE,. MEAT 210
RyS =0,. MEAT 220
DO I=1,42,. MEAT 230
PANUI) 4PRRUID,PRI(I}=0,. MEAT 240

END, « MEAT 250

N2 =N1-1,. MEAT 260
D0 IT=1 TO ITMAX,. lad START LOOP FOR ITERATION */MEAT 270

IF ABS(A(N,N1)) LE E12#ABS(AIN,N)) THEN GO TO ONE, . MEAT 280

T =A(NLyN1)-A(NyN),. /% ROOTS OF THE LOWER MAIN */MEAT 290

u =T*Ty. /% SUBMATRIX OF CRDER TWO */MEAT 300

v =4%A(NL,N)*A(N,NL), . MEAT 310

IF ABS(V) LT u*e7 MEAT 320

THEN D0y . MEAT 330
RRINL)=A(N1,N1},. MEAT 340

RRIN) =A(N,N),. MEAT 350

GO TO ZIM,. MEAT 360

END,. MEAT 370

ELSE DO, . MEAT 380

T =U+V,. MEAT 390

IF ABS(T) LT E6*MAX(U,ABS(V)) THEN T=0y. MEAT 400

u =(A(NLyNL)+A(NyN)) /2y, MEAT 410

v =SQRT(ABS(T))/2,. MEAT 420

IF TLT © MEAT 430

THEN DO, . /% COMPLEX ROOTS */MEAT 440
RRIN)yRRINL)=U, . MEAT 450

RI(N)=-v,. MEAT 460

RI(NL)=V,. MEAT 470

END, . MEAT 480

ELSE DO,y . 1% REAL ROOTS */MEAT 490

RR (N)=U+V, . MEAT 500

RR(NL)=U-V,. MEAT 510

ZIM.. MEAT 520
RIIN)4RI(N1)=0,. MEAT 530

IF ABS(RR(NL)) LT ABS(RR{N)) MEAT 540

THEN DO,. MEAT 550

T =RR(N1),. MEAT 560

RRINL)=RR(N),. MEAT 570

RRIN)=T,, MEAT 580

ENDy . MEAT 590

END, . MEAT 600

END» . MEAT 610

IF N2=0 THEN GO TO TWO,. /% TESTS OF CONVERGENCE */MEAT 620

EPS =E12%(RI(N1)+ABS(RR(NL1))),. MEAT 630

IF ABS(A(N1,N2)) LE EPS THEN GO TO TNO,. MEAT 640

IF ABS(A(N1,N2)-PAN(1)) LT ABS(A(N1,N2))*E6 THEN GO TO CMPy . MEAT 650

IF ABS(A(N,N1)-PAN(2)) LT ABS(AIN,N1))*E6 THEN GO TO CMP,. MEAT 660

K =0y MEAT 670

D0 I=1,2,. 1% DETERMINE THE SHIFT */MEAT 680

J=I#N2, . MEAT 690

IF ABS(RR(J)-PRR(I))+ABSIRI(J)-PRI(I)) MEAT 700

LT H*(ABS(RR{J))+ABS(RI(J))) THEN K=K+I,. MEAT 710

PRREI)}=RR(J)y. MEAT 720
PRI(I)=RI(J),. MEAT 730
PAN(I)=A(JyJ=1)y. MEAT 740

END,. MEAT 750

IF k=0 MEAT 760

THEN RyS =0y. MEAT 770

ELSE IF K=3 MEAT 780

THEN DO, . MEAT 790

S =A(NyN)+A(N1,N1), . MEAT 800

R =A(NsN) *A(N1,NL)-A(NL,N)*A(N,NL), . MEAT 810

END, . MEAT 820

ELSE DO,. MEAT 830

R =PRRIK) *PRR(K), . MEAT 840

S =PRR(K) +PRR(K), . MEAT 850

ENDy . MEAT 860

IF NLT 4 /* SEARCH FOR A PARTITION */MEAT 870

THEN P,Q =1,. MEAT 880

ELSE DO, . MEAT 890

DO Q=N2 TO 2 BY -1,. MEAT 900

IF ABS(A(QsQ-1)) LE EPS THEN GO TO FDP,. MEAT 910

END, . MEAT 920

Q =1y MEAT 930

FDP.. MEAT 940
IF Q LT N2 MEAT 950

THEN DO P=N2 TO Q+1 BY ~1,. MEAT 96Q

IP1  =P+1,. MEAT 970

IF (ABSIA(PyP)+A(IP1,1P1)-S) +ABS(A(IP1+1,1P1))) MEAT 980
*ABS(A(P,P-1)*%A(IP1,P)) MEAT 990

LT EPS‘ABS(A(P.P)‘(A(P.Pl-S)fA(PylPl)*A(lPl.P)OR) MEAT1000

THEN GO TO QRT,. MEAT1010

END,y . MEAT1020

(4 =Qy . MEAT1030

ENDy . MEAT 1040

QRT.. MEAT 1050
DO I=P TO Nl,. /% START QR TRANSFORMATION */MEAT 1060

IP1 =I+1,. MEAT1070

IP2 =1P1+1,. MEAT1080

11 =I-1s. MEAT1090

IF I=P MEAT1100

THEN DO, . /% INITIALIZE TRANSFORMATION */MEAT1110

61 =ALI, 1)*(ACL,1)=S)+A(I, IPL)*A(IPLyI)¢R,. MEAT1120

G2 =ACIPL, I)*%(ACIPL,IPLI+AUL,1)=S),. MEAT1130

63 =A(IP1s1)% A(IP2,IP1),. MEAT 1140
ALIP2,1)=0,. MEAT1150

ENDy. MEAT1160

ELSE DO, . MEAT1170

Gl =AlI,I1),. MEAT1180

62 =A(IPLyI1),. MEAT1190

IF 1 GT N2 MEAT1200

THEN G3 =0y. MEAT1210

ELSE G3 =A(IP2411)y. MEAT1220

END, . MEAT1230

u =SQRT(G1*G1+62%G2+G3%G3),. MEAT1240

IF U=0 MEAT1250

THEN DO, . MEAT1260

PHI =2,, MEAT1270
PSI1,PS12=0,. MEAT1280

ENDy . MEAT 1290

ELSE DO, . MEAT1300

IF G1 LT 0 THEN U=-U,. MEAT1310

T =G14Uy . : MZAT1320

PSI1 =62/T,. MEAT1330

PSI2 =63/T,. MEAT1340

PHI  =2/(14PSIL*PSI1+PSI2*PS12),. MEAT 1350

END,y. MEAT1360

IF I=Q THEN GO TO ROW,. MEAT1370

IF I=P THEN A(I,I1)=-A(I,I1),. MEAT1380

ELSE A(I,I1)=-U,. MEAT1390

ROW.. MEAT 1400
DO J=1 TO N,. /% ROW OPERATION */MEAT 1410

T =PSI1*A(IP1,J),. MEAT1420

IF T LY N1 THEN T=T+PSI2%A(1P24J),. MEAT1430

ETA =PHI*(T+A(1,J)),. MEAT 1440
ALT4J)=A(1,J)-ETA,. MEAT1450
A(IP1yJ)=A(IP1,J)~PSIL*ETA,. MEAT1460

IF T LT N1 THEN AUIP2,J)=AL1P2,J)-PSI2*ETA,. MEAT1470

END,y. MEAT 1480

IF I LT N1 1% COLUMN OPERATION */MEAT 1490

THEN K =1P2y. MEAT1500

ELSE K =Ny MEAT1510

D0 J=Q TO K,. MEAT1520

T =PSI1*A(J,IP1),. MEAT1530

IF 1 LT N1 THEN T=T+PSI2%A(J,1P2),. MEAT1540

ETA =PHI*(T+A(J,1)),. MEAT1550
AlJoI)=A(Js1)-ETA,. MEAT1560
AlJ,IP1)=A(J,IP1)-ETA*PSI1,. MEAT1570

IF T LT N1 THEN AlJ,IP2)=A(J,IP2)~ETA*PSI2,. MEAT1580

ENDy . MEAT1590

IF I LT N2 MEAT1600

THEN DO, . MEAT1610

IP3  =Ip2+1,. MEAT1620

ETA =PHI*PSI2*A(1P3,1P2),. MEAT1630
AUIP3,1)=-ETA,. MEAT1640
A(IP3,IP1)=—ETA*PSI1,. MEAT1650
ALIP3,1P2)=A(1P3, IP2)-ETA*PSI2,. MEAT1660

ENDy. MEAT1670

ENDy . IAd END QR TRANSFORMATION */MEAT 1680

END,y .« ,* END LOOP OF ITERATION */MEAT 1690
CMP.. MEAT1700
IF ABS(AINsN1)) GT ABS(A(NL,N2)) MEAT1710
THEN MEAT1720
TWO.. MEAT 1730
D0y . /% TWO EIGENVALUES HAVE BEEN #/MEAT1740
ANA(NL1) 1% FOUND */MEAT1750
ANA(N) MEAT1760

N MEAT1770

END,y . MEAT1780

ELSE MEAT1790
ONE.. MEAT1800
DO, « /*ONE EIGENVALUE HAS BEEN FOUND*/MEAT1810
ANA(N)="1'8B, . MEAT1820
RRIN)  =A(N¢N),. MEAT1830
RI(N) =0,. MEAT1840

N =Nly. MEAT1850

ENDy o MEAT 1860

IF N GT 0 THEN GO TO BEG,. : MEAT1870
RETURN, . MEAT 1880
ENDy. /% END OF PROCEDURE MEAT */MEAT 1890

Purpose:

MEAT computes the eigenvalues of a real upper
almost triangular matrix (Hessenberg form --

see subroutines MATE and MATU) using the double
QR iteration.

Usage:
CALL MEAT (A, M, RR, RI, ANA);

A(M,M) - BINARY FLOAT
Given almost triangular matrix.

M - BINARY FIXED
Given order of the matrix.

RR(M) - BINARY FLOAT
Resultant vector containing the real
parts of the eigenvalues. -

RI(M) - BINARY FLOAT
Resultant vector containing the imagi-
nary parts of the eigenvalues.

ANA(M) - BIT(1)
Resultant vector containing information
for checking the results (see '"Program-
ming Considerations'!, below).
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Remarks:

The original matrix is destroyed.

Method:

Double QR iteration of J. G. F. Francis

For reference see:

J.G. F. Francis, Computer Journal, October 1961,
4-3; January 1962, 4-4.

J.H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical Background:
1. Definition of the QR iteration

Let A be a real or complex nonsingular matrix of
order n. Then a decomposition of A exists of the
form

A=QR

where Q is unitary and R is upper triangular. If
the diagonal elements of R are real and positive, Q
is unique. Consider now the sequence of matrices
AP defined recursively by

G- A, AP Q(p) R(p)’ AP _ R(p)Q(p)p2 0.

Note that A(p+1) = Q(p)* A(p) Q(p) for p = 0; hence,
AP is similar to A for all p-

Furthermore, if A satisfies certain conditions,
it can be proved that AP tends to an upper triangu-
lar matrix as p * @ ; thus the eigenvalues of A are
the diagonal elements of this limit matrix.

2. Convergence

If the moduli of the eigenvalues are distinct, the
elements a(il?) below the main diagonal of AP) tend
to zero, as do | >‘i|p/|>\j| P, the eigenvalues being
subscripted so that |Xi|>|);+1]

Thus, in general, the eigenvalues appear on the
main diagonal, starting from the last position, in
increasing order of moduli.

So, when the smallest eigenvalue >‘n has been
found, we can reduce the order of the matrix by
neglecting the last row and column and find A,_4
by the same process, without any special deflation.

Note that the speed of convergence is consider-
ably improved when the origin of the eigenvalues is
shifted close to Ap.
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Such a shift -- say, S(p ) - can be introduced
before an iteration and the opposite one afterwards.
Then the iteration can be written as:

A® P Q(p) P

APHD _ g0 o) ()

In general, AI&)L , for p large enough, can pro-

vide an efficient value for s'P),
3. Use of the Hessenberg form

The Hessenberg form is preserved under the QR
iteration. Thus, a reduction of the initial matrix
to the Hessenberg form can give a significant
saving of computation in each iteration for the QR
decomposition, the lower part of the matrix con-
sisting only of the codiagonal terms.

Before each iteration, the codiagonal terms will
be inspected. If some of these are zero, the matrix
will be split according to this occurrence, and the
iteration will be applied to the lower main subma-
trix only.

4. The double QR iteration

Let A be a diagonalizable real upper Hessenberg
matrix. Such a matrix must be expected to have
complex conjugate pairs of eigenvalues. If these
pairs are the only eigenvalues of equal modulus, it
can be shown that they will appear as the latent roots
of main submatrices of order 2. In this case, if a
shift is close to one of these roots, it will be com-
plex, and we will have to deal with complex ma-
trices, although the initial one is real. The use of
the double QR iteration avoids this inconvenience.

Taking s(P*1) = 5(P) consider the transforma-
tion giving AP*2) from A(P):

AP*2) Q(p+1)* Q(p)* AP P Q(10+1)

It can be proved that the product Q(p)Q(p+ D de-
rives from the QR decomposition of the matrix M =
a® - 5@ 1 A® - sP*1) 1), which is real.

In fact, Francis (1961, 1962) showed that only
the first column m; of M is necessar for determin-
ing the transformation which gives AP*2) from
AP) if they both have the Hessenberg form.

Practically, the first part of the double iteration
consists of the application of an initial transforma-
tion N3 AP) N; where Ny is unitary and such that
Nf my =+ | mq | e1- This leads to a matrix that
no longer has the Hessenberg form.



Thus, the remaining part of the iteration will
involve the application of (n-1) successive trans-
formations, which have the same form as the initial
one whose matrices N; are such that the resulting
matrix AP*2) hag the Hessenberg form,

This process can fail when a subdiagonal term of
the given matrix is zero. In this case, the matrix
can be split, and the iteration is performed on the
lower main submatrix only.

In the subroutine, N; are Householder's matrices.

Programming Considerations:

At each iteration, the latent roots x; and xg of the
lower main submatrix of order 2 are computed.
Then the following situations can occur:

1. The term ap-1, -2 can be taken as zero.
Xy and X, are eigenvalues of the original matrix,
and the order of the matrix is reduced by 2. ANA(N)
and ANA(N-1) are set to 0 and 1 respectively.

2. The term ap p-1 can be taken as zero. In
this case, a, p is an eigenvalue of the original
matrix, and the order of the matrix is reduced by
1. ANA(N) is set to 1.

3. One of the last two subdiagonal terms is stable
through one iteration. Then the smaller one is con-
sidered as zero. The corresponding components of
ANA are set to 0 or 1, according to situation 1 or 2,

4. The maximum number of iterations is reached.
In this case the smaller of the last two subdiagonal
elements is taken as zero. The corresponding
components of ANA are set to 0 or 1, according to
situation 1 or 2,

The user can check the results by inspecting the
subdiagonal terms of the matrix on return from the
subroutine, according to the vector ANA, in the
following way: If, for each ANA(I) containing 1,

Then

|a@ -1 |<107" (|RR@| + [RID| ),

i=2, ..., M

then RR(I) and RI(I) were computed with a satisfac-
tory accuracy.

e Subroutine MEST

MEST MEST 10

/ /MEST 20

/% ’ */MEST 30

/% EIGENVALUES OF A SYMMETRIC TRIDIAGONAL MATRIX */MEST 40

/% */MEST 50

/%% FHEK & /MEST 60

PROCEDURE (A4ByMyD4NEIG) . MEST 70

DECLAKE MEST 80

(MIT,MyN,NEIGyNRyI,KsIT,J,IP) BINARY FIXED, MEST 90

(C14C2,CDUN) yCDIpD(*) yETHELC+GaHyPyPDySySHsToUsALX) 4B(*)) MEST 100

BINARY, . MEST 110

E1C =1.CE-2Cy. A CONSTANTS */MEST 120

ET =1.CE-Ty. MEST 130

MIT =30,. MEST 140

H =045y, MEST 150

N =My . /% INITIALIZATION */MEST 160

IF NEIG GE N MEST 170

THEN DOy . MEST 180

NEIG =N,. MEST 190

NR =N-1y. MEST 200

ENDy . MEST 210

ELSE NR =NEIGy. MEST 220

BUL)=Cy. MEST 230

DO I=1 TO N,. MEST 240

D(IN=AC1),. MEST 250

CO(I)=B(I)*B(I),. MEST 260

EMD,y o MEST 270

DO K=1 TO NF,. A LOOP FOR NR EIGENVALUES */MEST 280

N1 =N-14. MEST 290

PD =Cye MEST 300

0C IT=1 TO MIT,. /% START LOOP FOR ITERATION */MEST 310

€1 =ABS(DIN)),. MEST 320

cz2 =C1*Cl, /% TEST CONVERGENCE */MEST 330

IF CD(N) LE ElO*CZ THEN GO TO DECy. MEST 340

S =ABS(D(N)-PD) 4. MEST 350

IF S LE E7*C1l THEN GO TO DECs. MEST 360

IF S GT H*Cl /% TEST FOR APPLYING A SHIFT */MEST 370

THEN SH =0y MEST 380

ELSE SH =D(N),. MEST 390

PO =DI(N), MEST 400

00 J= Nl TO 2 BY -1,./*TEST FOR SPLITTING THE HATR]X*IHESY 410

IF CD(J) LE E10*C2 THEN GD TO SIT,. ST 420

ENDy . HEST 430

J =1y, MEST 44C

SIT.. MEST 450

SyU =Cy. /*INITIALIZE THE TRANSFORMATION®/MEST 460

c2 =1, MEST 470

G =D(J) SHy . MEST 480

P =G*Gy MEST 490

coy =CD(J)' MEST 500

DO I=J TO Nl,. /% QR TRANSFORMATION */MEST 510

1P =l+14. MEST 520

T =P+COUIP),. MEST 530

CD(“ S¥T,. MEST 540

=CDIIP)/ Ty, MEST 550

Cl =C2y. MEST 560

c2 =P/Ty. MEST 57C

O(IP)=D(IP)-SH,. MEST 58C

u =S*(G+D(IP)),. MEST 590

D(I) =G+U+SH,. MEST 600

6 =D(IP)~U,y. MEST 610

IF C2=0 MEST 620

THEN P =CD(IP)*C1,. MEST 630

ELSE P =G*G/C2,. MEST 640

END,. MEST 650

CD{J)=CDJ,y. MEST 66C

CD(N)=S*P,, MEST 670

DIN) =G+SH,. MEST 680

END, . /* END LOOP FOR ITERATION */MEST 69C

DEC.. MEST 700

N =Nly. /* DEFLATE ORDER OF THE MATRIX */MEST 710

END,y . MEST 720

IF NEIG LT M MEST 73¢C

THEN DO, . MEST 740

J=M-NEIG, . MEST 75C

DO [=1 TO NEIG,. MEST 76C

J=J+l, . MEST 77C

D(1)=D(J),. MESY 780

ENDy . MEST 790

ENDy .« MEST 80C

RETURN, . MEST 810

END, . /% END OF PROCEDURE MEST */MEST 820
Purpose:

MEST computes the eigenvalues of a real symmetric
tridiagonal matrix (see subroutine MSTU).

Usage:
CALL MEST (A, B, M, D, NEIG);

BINARY FLOAT

Given vector containing the diagonal terms
of the matrix.

BINARY FLOAT

Given vector containing in positions 2,

3, ..., M, the codiagonal terms of the
matrix.

A(M) -

B(M) -
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M- BINARY FIXED
Given order of the matrix.

D(M) - BINARY FLOAT

Resultant vector containing the eigenvalues.

NEIG - BINARY FIXED
Given number of eigenvalues required
(see '""Remarks'").

Remarks:

When the eigenvalues are well separated, this pro-
cedure generally gives the NEIG eigenvalues of
smallest moduli in the first NEIG positions of
vector D.

Vectors A and B are preserved.

Method:
QR iteration modified by Kaiser and Ortega.
For reference see:

J.M. Ortega and H. F. Kaiser, "The LLT and QR
methods for symmetric tridiagonal matrices',
Computer Journal, Volume 6, 1963, pp. 99-101.
J.H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical Background:

The general properties of the QR algorithm are
given in the description of subroutine MEAT
("Mathematical Background”, items 1 and 2). We
recall them briefly here.

For a given diagonalizable matrix A of order n,
the QR iteration is defined by:

A -4, AP - Q(p) R(p)’ AP _ ) o)

where Q(P) R(P) is a unitary-triangular factorization
of AP). A condition on R(p) is assumed to ensure
the uniqueness of the factorization. If the eigen-
values have distinct moduli, for example, | )&i | >
|X\j41] fori=1, ..., n-1, then we have the
following propertles

1. When p tends to infinity, aP) tends to a tri-
angular matrix and the eigenvalues of A appear on
the main diagonal of A(P) | starting from the last
position in increasing order of moduli.

2. The symmetry and the tridiagonal structure
of a matrix are preserved under the QR iteration.

3. If the origin of the eigenvalues is shifted close

to )\ before an iteration and shifted back afterwards,
then the rate of convergence of ag )n to )\ -- that is,

the rate of convergence of ag:) to zero for i=1,
., n-1, can be considerably improved.
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From the second property we can see that a
preliminary reduction of a symmetric matrix to a
similar tridiagonal form will give a significant
saving of computation for each QR iteration.

From the first property we note that no speciui
deflation is needed when X, has been found to suf-
ficient accuracy; the last row and column of the
matrix are neglected and the iteration is applied
to the reduced matrix to obtain A _;.

Let us consider a step of the iteration, denoted
by

A=QR, A' =RQ

where A' is the iterate of A, the iteration super-
script being dropped for clarity of notation. A and
A' are symmetric tridiagonal matrices of order n.
A will be fully defined by its diagonal terms

a;, i=1, ..., nand its subdiagonal terms
bj,i=2 ... ,n The terms of A' will be denoted
bya;,i=1... ,nandb{,i=2,...,n.

The reduction of A to R can be completed by pre-
multiplication by (n-1) orthogonal matrices (Plane
Rotations) Qi ,i=1, ., n-1 of the form

1

c and 8 are the cosine and sine of an angle such

that
R= Qn—l . Q 1 A
Then:
_ At t
Q= Q1 .. Qn_1

c; and s are given by




..,n-1 (1)
with

and

R will be defined by:

= -+ ,.= 9 0 e N -1
O Pt 8By e 15 n
rn,n=pn

=c,b_+
T1,27% " 513 )

= +
i, i+1 % %-1 Pitr T 51 B
i=2, ., n-1
ri’i+2=sibi+2,1=1,...,n-2
r, .=0 for j>i+2
i, ]

The post-multiplication of R by Q will provide A/ ,
according to:

= +
T8 e
a/=c C. T S
i i-1 i i,i i i,i+1
i=2, .,n-1
/
- r 3
an cn-l n,n (3)
/
Dir1 =5 Tie, 141
i=1,...,n-1

Formulas (2) and (3) can be combined in order to
get A directly from A. This avoids the computa-
tion of the square roots appearing in the expres-
sions of ¢; and s; -

Then the final algorithm can be expressed as
follows:

2 2
-01_2 bi when ci_1 =0
/2 2 .
= >
bi Si 1 (p1 b,+1) fori>1 (4)

u,=si2 (g. +a, )

Programming Considerations:

The iteration is performed according to equations
(4). A shift of the originof the eigenvalues is intro-
duced in order to accelerate convergence. This
shift is based on the last diagonal term of the matrix;
it is applied only when convergence begins appearing.
When several eigenvalues are of same magnitude,
codiagonal terms are close to zero. Then the matrix
is split according to this occurrence and the itera-
tion is performed on the lower main submatrix only.
The iteration is stopped and the last diagonal term
is taken as an eigenvalue when one of the following
situations occurs:
1. The last subdiagonal term can be taken as
Zero.
2. The last subdiagonal term is stable through
one iteration.
3. The maximum number of iterations is reached.
Then the order of the matrix is reduced by one and
the process is repeated on the resulting matrix.
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e Subroutine MEBS

MEBS MEBS 10

Ix /MEBS 20

*/MEBS 30

/% BOUNDS FOR THE EIGENVALUES OF A SYMMETRIC MATRIX */MEBS 40

Al */MEBS 50

/ /MEBS 60

PROCEDURE (AyNyB1,B2),. MEBS 70

DECLARE MEBS 80

(I+JyKyLyN) BINARY FIXED, MEBS 90

(A(*),B1,82,P,5SQ) BINARY, MEBS 100

(S451,52) BINARY(S53),. MEBS 110

J =2y MEBS 120

SL =A(1), MEBS 130

s2 =0y MEBS 140

S =S1%S1, MEBS 150

I =lye MEBS 160

DO K=2 TD N, MEBS 170

I =I+K,y MEBS 180

S1 =SL+A(I)},. /% SUM OF THE ROOTS */MEBS 190

S=S+MULTIPLY (A(I),A(I),53),. MEBS 200

DO L=J TO I-1,. MEBS 210

S2=S2+MULTIPLY(A(L),A(L),53),. MEBS 220

ENDy. MEBS 230

J =141y, MEBS 240

ENDy . MEBS 250

s2 =2%52+S,. /* SUM OF THE SQUARES OF ROOTS */MEBS 260

sQ =SQRT((N-1)*ABS(N*S2-S1%S1)),./* ITERATE FROM INFINITY */MEBS 270

P =(1-N)*S2+S1%S1,. MEBS 280

IF S1 LT 0 MEBS 290

THEN DO, . MEBS 300

Bl =S1-SQy . MEBS 310

B2 =P/Bly. MEBS 320

81 =B1/Ny. MEBS 330

MEBS 340

ELSE DO, MEBS 350

B2 =S1+5SQy . MEBS 360

Bl =P/B2y. MEBS 370

B2 =B2/Ny. MEBS 380

END, MEBS 390

RETURN, . MEBS 400

ENDy . /% END OF PROCEDURE MEBS */MEBS 410
Purpose:

MEBS computes a lower and an upper bound for the
eigenvalues of a real symmetric matrix.

Usage:
CALL MEBS (A, N, Bl, B2);
A (N*(N+1) /2) - BINARY FLOAT

Given real symmetric matrix in
compressed storage mode,

N - BINARY FIXED
Given order of the matrix.
Bl - BINARY FLOAT
Resultant lower bound.
B2 - BINARY FLOAT
Resultant upper bound.
Method:

Laguerre's iteration is applied to the points at
infinity.

For reference see:
B. Parlett, "Laguerre's Method Applied to the

Matrix Eigenvalue Problem’'', Mathematics of Com-~
putation, 18, 1964.

Mathematical Background:

1. Laguerre's iteration.
Let P(x) be a polynomial of degree n. The
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Laguerre iterate of a point x for the poly-
nomial P can be expressed by

LP(x) =X -

n P (x)

P’(x) :I:\/(n—l) [(m-1) P’ (x)2 -nP (x) P" (x) ]
(€]
Letting

/
P (%)

1
$1® = 5

n
- Z X=X,

i=1 1

P’ (x)° - P(x) P"'(x)

S_(x) =
2 P(X)2
1
DY 5
i=1 (x—xi)

where Xy, - -+, X are the roots of P(x), formula
(1) can be written as

n
4/(m-1) (ns, -slg) @)

The sign of the square root is chosen so that the
magnitude of the denominator is maximum.
When P(x) has real roots, we have the following
properties:

a. Let us consider a partition of the real
line defined by the points at infinity and
the zeros of P’ (x). Starting from an
initial point in any interval of the parti-
tion, the successive Laguerre iterates
converge monotonically to the root there-
in. If the root is simple, convergence is
asymptotically cubic.

L_(x)=x-
P Sl:!:

b. Laguerre's iterations are invariant under
Mobius transformations.

2. Iterates of the points at infinity.
From the first property of monotonic con-
vergence, we can see that the iterates of the
points at infinity will provide bounds for the
roots. The second property gives the rela-
tion.

1
Lp® = —73—
P L&) )



where Q is the polynomial reciprocal of P,
the roots of which are

1
X ,i=1,...,n.
i
Thus
Ly e =) @)

Ly ©

Now, if we combine equations (2) and (4), we
can obtain the final formula

1

where o, is the sum of the roots and o_ the
sum of t]he squares of the roots of polynomial
P.

Programming Considerations:

We can note that equation (5) does not require the co-
efficients of polynomial P but only the values of 01
and 09. If we apply this formula to the character-
istic polynomial of a symmetric matrix (real roots),
oy will be obtained by computing the trace of the
matrix and g, the sum of the squares of the terms

of the matrix. Then, equation (5) will give the
bounds of the eigenvalues.

o Subroutine MVST

MVST. MVST 10
/ /MVST 20
/% */MVST 30
/* EIGENVECTORS OF A SYMMETRIC TRIDIAGONAL MATRIX */MVST 40
/% */MVST 50
[EEREE /MVST 60
PROCEDURE (DsCDeNSEIGyY) o MVST 70
DECLARE MVST 80
(D(*) ,CO(*) JEIG,Y(*)4ETTHEPS W,y MVST 90
XON) 3PUN) 3QUN) y ACN) yRIN) yUsV4S+CI,CIP) BINARY, MVST 100
(NyI4IPL,NL,IT,I1) BINARY FIXED, MVST 110
CH(N) BIT(1),. MVST 120
NL=N-1,. MVST 130
E7=1.0E-Ty. MVST 140
T=ABS(D(1)),. /% NORM OF THE MATRIX */MVST 150
DO I=2 TO N,. MVST 160
W=MAX(ABS(D(I)),ABSICD(I))),. MVST 170
IF W GT T THEN T=W,. MVST 180
END,. MVST 190
EPS=T*ET,. MVST 200
U=D(1)-EIGy. MVST 210
IF ABS(CD(2)) LT EPS MVST 220
THEN V,CIP=EPSy. MVST 230
ELSE V,CIP=CD(2),. MVST 240
00 I=1 TO Nl,. /% START FACTORIZATVION */MVST 250
IP1=I+1,. MVST 260
CI=CIP,. MVST 270
IF I = N1 MVST 280
THEN CIP=0y. MVST 290
ELSE IF ABS(CD(IP1+1)) LT EPS MVST 300
THEN CIP=EPS,. MVST 310
ELSE CIP=CD(IP1+1),. MVST 320
IF ABS(CI) GE ABS(U) /% PIVOTING */MVST 330
THEN DO». Al INTERCHANGE */MVST 340
If U NE O MVST 350
THEN A(IP1)=U/CI,. MVST 360
ELSE IF CI=EPS MVST 370
THEN A(IP1)=1,. MVST 380
ELSE A(IP1)=0,. MVST 390
P(I)=CI,. MVST 400
Q(I)=D(IPL)-EIGy. MVST 410
R(I)=CIP,. MVST 420
U=V-A(IP1)*Q(I),. MVST 430
V= —A(IPL)}*R(I),y. MVST 440
CHUIPL)="1"'B,. MVST 450
END,y . MVST 460
ELSE DOy. /% NO INTERCHANGE */MVST 470
A(IPL)=CI/Uy. MVST 480
P(I)=Uy. MVST 490
Q(IN)=V,. MVST 500
R(I)=0y. MVST S10
U=D(IP1)-EIG-V*A(IP1),. MVST 520
V=CIP,. MVST 530
CH(IPL1)="0"'By. MVST 540
ENDy o MVST 550
IF ABS(P(I)) LT EPS THEN P{I)=EPS,. VST 560
X{I)=1y. /% INITIAL GUESS OF EIGENVECTOR#*/MVST 570
ENDy . MVST 580
IF ABS(U) LT EPS THEN U=EPS,. MVST 590
PIN)=U,. /% END FACTORIZATION */MVST 600
X{N)=1,. MVST 610
D0 IT=142,. /% START LOOP FOR ITERATION #/MVST 620
IF IT 6T 1 MVST 630
THEN DOy. /% SOLVE WITH LOWER FACTOR */MVST 640
V=ABSIX(1)),. MVST 650
DO I=2 TO Ny. 1% NORMAL IZATION */MVST 660
U=ABSIX(I)),. MVST 670
IF U GT V THEN V=U,. MVST 680
END, . MVST 690
X{1)=X(1)/Vy. MVST 700
DO I=2 TO Ny. MVST 710
X(I)=X(1)/Vy. MVST 720
IF CH(I) MVST 730
THEN DO,. MVST 740
Il=I-1y. MVST 750
U=sX(I1)y. MVST 760
XCI1)=X(I),ye MVST 770
X(I)=U~A(1)*X{I1),y. MVST 780
ENDy . MVSY 790
ELSE X{I)=X{I)-A(D)*X(I-1),. MVST 800
END, . MVST 810
ENDy .« MVST 820
X{N)=X(N)/P(N} o 1% SOLVE WITH UPPER FACTOR */MVST 830
XANL)=(XINL)-Q(NL1)*X(N})}/P(NL)y. MVST 840
00 I=N-2 TO 1 BY —1,. MVST 850
XD =(X(I)=QUI)EX{I+1)-RI)*X(I+2))/P{1),. MVST 860
ENDy . MVST 870
END,y . /% END LOOP OF ITERATION */MVST 880
$=0y .« MVST 890
DO I=1 TO Ny. /% NORMALIZE SOLUTION */MVST 900
S=S+X{I)*X(I),. MVST 910
END,y . MVST 920
S=SQRT(S) . MVST 930
DO I=1 TO N,. MVST 940
Y(I)=X(1)/S,y. MVST 950
ENDy o MVST 960
RETURNy« MVST 970
ENDy . /% END OF PROCEDURE MVST */MVST 980
Purpose:
For a given symmetric tridiagonal matrix, MVST
provides the eigenvector corresponding to a given
eigenvalue.
Usage:
CALL MVST (D, CD, N, EIG, Y);
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D(N) - BINARY FLOAT
Given vector containing the diagonal terms
of the matrix.
CD(N) - BINARY FLOAT
Given vector containing in positions 2, 3,

«+s; N the codiagonal terms of the matrix,

N - BINARY FIXED
Given order of the matrix,
EIG - BINARY FLOAT
Given eigenvalue,
Y(N) - BINARY FLOAT
Resultant vector containing the eigenvector.
"Remarks:

Vectors D and CD remain unaltered.
Method:

Wielandt's inverse iteration is applied to the matrix,
using the given eigenvalue as a shift.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue Problem
Clarendon Press, Oxford, 1965,

J. H. Wilkinson, "Calculation of the eigenvectors of
the symmetric tridiagonal matrix by inverse itera-
tion", Numerische Mathematik, 4 (1962), pp. 368-376,

Mathematical Background:

Let us suppose that we know an approximation \ of an
eigenvalue of a symmetric tridiagonal matrix A, A
corresponding eigenvector V can be obtained by using
Wielandt's inverse iteration (see the description of
procedure MVAT), defined by the iterative process:

v - iapv®

where V(O) is an arbitrary vector, not deficient in the
eigenvector V.
Considering a triangular factorization of A-Al,

A-AI =

V(p+1) will be provided by solving successively the
following equations:

LR,

Lw = v® (&)
rvP*D 1))

When A is close to an eigenvalue of A, V(p) tends very
rapidly to V. Most of the time, two iterations are
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quite sufficient to provide an accurate approximation
of V.,

Programming Considerations:

A technique of partial pivoting by row interchange is
used for the triangular factorization. This factoriza-
tion is performed before starting the iterative process.
The two iterations are then carried out according
to formulas (1) and (2).
The initial vector v(©) ig chosen so that
VO =re, witheT=q1, 1, .. .. 1). Then the first
iteration will consist of solving equation (2) only:

RV(I) = e



e Subroutine MSDU

/%

S10

s20

$3¢

$40

/%
/%
1%

BINARY FLOAT (53),. /*DOUBLE PRECISION VERSION
ERROR='0"',.,
IF N LE 1 /* THE ORDER OF MATRIX A IS
THEN DO,y . /% LESS THAN OR EQUAL TO ONE.
ERROR="1",.
GO TO FIN,y.
ENDy .
FN =Ny .
IF Mv= O
THEN DOy .
DO I =1 TO Ny. /% GENERATE IDENTITY MATRIX
DO J =1 TO N,.
RI144)=0,.
ENDy.
R(I,1)=1,.
END, «
ENDy .
COMPUTE INITIAL AND FINAL NORM
ANORM=0, .

MSDU. . MSDU 190
VAL I /MSDU 20
/* */MSDU 30
/% TO COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL SYMMETRIC */MSDU 40
A MATRIX */MSDU 50
/* */MSDU 60
/ FRE Rk /MSOU - TC
PROCEDURE (A4R4NsMV),. MSOU  8C
DECLARE MSDU 90
(I,INDyJyLyMsMV,N) MSDOU 10C

FIXED BINARY, MSOU 110

ERROR EXTERNAL CHARACTER(1), MSDU 120

(AL, %) JR(* %)  ANORMy ANRMX 3 THR U+ Y » SINX»SINX2,COSX,COSX2y SINCS,MSOU 13C

FN)
BINARY FLOAT,.

DO I =1 TO N-1,.
DO J = I+1 TO N,.
ANORM=ANCRM+A(1,J) *A(T,d),.
END,y .«

ENDy o

IF ANCRM LE C.C

THEN

GO TO SGRT,.

ANORM=1.414%SQRT( ANORM) 4.
ANRMX=ANORM*1,0E-6/FN,.

IND
THR

THR

L

M

IF ABS(A(L,M)) GE THR

THEN

IF M
THEN

IF L
THEN

INITIALIZE INDICATOR AND CCMPUTE THRESHOLD, THR

=Cy.
=ANORM;, .

=THR/FN,.
=1y

=L+l

D0y «

IND =1,.

U SSE(ACLIL)I-A(M,M) ),y

Y ==A{L M) /SQRT(A(L, M) *ALL,M)+U%U), .
IF U LT 0.0

THEN Y ==Yy

SINX =Y/SQRT{2.0%(1.C+(SQRT(1.0-Y*Y)))),.

INX*SINXy .
QRT(1.0-SINX2),y.
OSX*COSX,y.
SINCS=SINX*COSXy .

DO I = 1 TO Ny

IF 1 LT L
THEN DQ,.
IF [ LT M
THEN DO,.
u =ALT,L)*COSX—ALT yM)*SINXy .
ACL,M)=ACI L) *SINX+A(T,M)*COSX, .
AL L) =U,.
END, .
END,.
ELSE IF I 6T L
THEN DO, .
IF T LT M
THEN DO,.
u SACL, 1) *COSX=ALT,M)*STNK, .
ACL MY=A(L, T)*STNX+A(T,M)®COSX, .
END,.
ELSE IF 1 GT M
THEN DO,.
u =A(L,T)*COSX-A(M, [)*SINX, .
A(MyI)=A(L, T)*STNX+A(My 1) ¥COSXy o
END, .
IF 1 NE M
THEN AlLy1)=U,.
END,.
IF MV= 0
THEN DOy,
u =R{I,L)#COSX=C (1 ,M)*SINX, .
ROT,MISROT4L)#SINX+R(1,M)%COSXKya
ROI,LI=Uy.
END,.
END, .
u =2.C*ALL MY #SINCS, .
Y SALL L) *COSX2+A (M, M) %S INX2-U, .
u =A(L L) #SINX2+ALM, M) £COSX24U,y o
ALL M) =(ALL, LI-ALM M) IXSINCS+ALL \M)*(COSX2-S INX2) .
AlL,L)=Y,.
A(MMI=U, .
END, .
NE N /% TEST FOR M = LAST COLUMN
DO, .
M =M+1,.
GO TO S40,.
END, .

TEST FOR L = SECOND FROM LAST COLUMN

NE N-1
00, .
L =L+1,.

/*SINGLE PRECISION VERSION

/% COMPUTE SIN AND COS

/* ROTATE L AND M COLUMNS

MSOU 140

/%S%*/MSDU 150
/¥D%/MSDU 160

*/MSDU 17C
MSDU 180
*/MSOU 190
*/MSOU 200
MSDY 217
MSPU 220
MSOU 23¢C
MSDU 240
MSOU 250
MSDU 260
*/MSDU 270
MSDU 280
MSDU 29¢C
MSoU 300
MSDU 310
MSOU 32¢
MSDY .330
*/MSDU 340
*/MSDU 350
*/MSDU 36¢C
MSDU 370
MSOU 380
MSDU 390
MSDU 400
MSDU 41C
MSDU 420
MSOU 43C
MSDU 440
MSDU 450
MSDU 460
*/MSDU 4T0C
*/MSDU 480
*/MSDU 490
MSDU 500
MSDU 510
MSDU 52¢
MSDU 530
MSDU 540
MSDU 550
MSDU 560
MSDU S70
MSDU 580
*/MSDU 59C
MSDU 600
MSDU €1C
MSDU 620
MSCU 630
MSDU 640
MSDU 65C
MSDU 660
MSDU 670
MSDU 680
MSDU 690
MSCU 700
*/MSDU T1C
MSDU 720
MSCU 73C
MSDU 740
MSDU 750
MSOU 760
MSDU 770
MSOU 78C
MSDU 790
MSDU 800
MSDU 810
MSDU 820
MSOU 830
MSDU 840
MSDU 850
MSDU 860
MSDU 87C
MSDU 880
MSDU 890
MSDU 900
MSDU 910
MSDU 920
MSOU 930
MSDU 940
MSOU 950
MSDU 960
MSDU 970
MSDU 980
MSDU 9990
MSDULCO0
MSDU1010
MSDU1020
MSDU103C
MSDU1040
MSDU1050
MSDU1060
MSDU1070
MSDU1080
MSDU1090
*/MSDU1100
MSDUL110
MSDU1120
MSDU1130
MSDU1140
*/MSDU1150
*/MSDU1160
*/MSOU1170
MSDU1180
MSDU1190
MSDU1200

60 TO $30,. MSDU1210

END, . MSDU1220

IF IND= 1 MSDU1230
THEN DN, . MSDU1240
IND  =0,. MSDU1250

GO TO $20,. MSDU1260

ENDy . MSDU1270

7% #/MSDU1280
7% COMPARE THRESHOLD WITH FINAL NORM */MSDU1290
7% */MSDU1300
IF THR GT ANFMX MSDU1310
THEN GO TO S10,. MSDU1320

Al */MSDU1330
7% SORT EIGENVALUES AND EIGENVECTORS */MSDUL340
/% */MSDU1350
SORT.. MSDU1360
MSDU1370
MSDU1380
MSDU1390
MSDU1400
MSDU1410
MSDU1420
MSDU1430
MSDU1440
MSDU1450
MSDU1460
MSDU1470
RIL,I MSDU1480

RILyJI=Uy. MSDU1490

END,. MSDU1500

END, . MSDU1510

END,. MSDU1520

END, « MSDU1530

END,y .« MSDU1540

FIN.. MSDU1550
RETURMN, . MSDULS56C
END, . /*END OF PROCEDURE MSDU */MSDU15T0

DO I = 1 TO Ny.
00 4 = 1 TO Ny
IF ACT,1) LY ACJyJ)
THEN DN,
u

=ALI,1),.

THEN DO,.
DO L =1 TO Ny.
Y]

Purpose:

MSDU computes eigenvalues and eigenvectors of a
real symmetric matrix.

Usage:
CALL MSDU (A, R, N, MV);

BINARY FLOAT [(53)]

Given matrix (symmetric), destroyed in
computation.

Resultant eigenvalues are developed in the
diagonal of matrix A in descending order.
BINARY FLOAT [(53)]

Resultant matrix of eigenvectors (stored
columnwise, in the same sequence as
eigenvalues).

N - BINARY FIXED

Given order of matrix A and R,

A(NaN) -

R(N,N) -

MV - BINARY FIXED
Given code containing the following:
0--compute eigenvalues and eigen-
vectors.
1--compute eigenvalues only.
Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR=1 - The order of the matrix is one or less.

Note: If the initial norm is equal to zero, the matrix
is diagonal.
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Method:

Diagonalization method originated by Jacobi and
adapted by Von Neumann for larger computers as
found in Mathematical Methods for Digital Computers,
edited by A. Ralston and H. S. Wilf, John Wiley and
Sons, New York, 1962, Chapter 7.

Mathematical Background:

This subroutine computes the eigenvalues and eigen-
vectors of a real symmetric matrix.

Given a symmetric matrix A of order N, eigen-
values are to be developed in the diagonal elements
of the matrix. A matrix of eigenvectors R is also
to be generated.

An identity matrix is used as a first approxima-
tion of R.

The initial off-diagonal norm is computed:

9 1/2
V1 T b 28 &
i<k
VI = initial norm
A = input matrix (symmetric)

This norm is divided by N at each stage to produce

the threshold.
The final norm is computed:

-6
qu 10

PN @

This final norm is set sufficiently small that the
requirement for any off-diagonal element Ay, to
be smaller than yy in absolute magnitude defines
the convergence of the process.

An indicator is initialized. This indicator is
later used to determine whether any off-diagonal
elements have been found that are greater than the
present threshold.

Each off-diagonal element is selected in turn and
a transformation is performed to annihilate the off-
diagonal (pivotal) element, as shown by the following
equations:

A=A (3)

(4)

=
|

= 1/2 (A -A

mm)
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w = sign () —2— 5)
)\2 + #2

w

(6)
Ve@ + Vi1 - wz)
cos 6= \/1 - sin2 6 (7

sinf =

B = Ai1 cos 6 —Aim sin 6 (8)
C = Ail sin 6 + Aim cos 6 (9)
B =R_cosf-R,_ sinb (10)
il im
R. = R_sin f+R,_ cos 6 (11)
im il im
Ril = B (12)
A = A, cos2 6+ A sinze
il il mm
(13)
- 2Alm sin B cos 6
A = A sin29+A cos26
mm 11 mm
(14)
+ 2A]_m sin 6 cos 6
A1m = (A11 - Amm) sin 6 cos 6
2, 2 (15)
+ Am1 (cos™ 6 - sin” 6)

The above calculations are repeated until all of the
pivotal elements are less than the threshold.

Programming Considerations:

Matrix A cannot be in the same location as matrix

R. If the eigenvectors are not calculated, the

matrix R does not need to be dimensioned in the
declare statement, but R must appear in the argument
list of the procedure,



e Subroutine MGDU

MGDU. . MGDU 10

/ /MGDU 20

/% */MGDU 30

/* TO COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL NONSYMM- */MGOU 40

/% ETRIC MATRIX OF THE FORM B INVERSE TIMES A. */MGDU SO

1% */MGOU 60

7 /MGDU 70

PROCEDURE (M4A,ByXLsX)ye MGDU 80

DECLARE MGDU 90

(I4JsMyMV,K) MGDU 100

FIXED BINARY, MGDU 110

ERROR EXTERNAL CHARACTER(1), MGDU 120

(AR %) gBU* %) o X(¥y %) 4 XLI*) ,SUMV) MGDU 130

BINARY FLOAT,. /*SINGLE PRECISION VERSION /*S*/MGDU 140

/% BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /*D*/MGDU 150

/% */MGDU 160

/% COMPUTE EIGENVALUES AND EIGENVECTORS OF B */MGDU 170

/% */MGDU 180

/% THE MATRIX B IS A REAL SYMMETRIC MATRIX. */MGDU 190

/% */MGDU 200

MV =0,. MGDU 210

CALL MSDU (ByX,MsMV),y. MGDU 220

IF ERROR NE '0O° MGDU 230

THEN GG TO FINy. MGDU 240

1% */MGDU 250

/% FORM RECIPROCALS OF SQUARE ROOT OF EIGENVALUES. THE RESULTS */MGDU 260

/* ARE PREMULTIPLIED BY THE ASSOCIATED EIGENVECTORS. */MGDU 270

/% . */MGDU 280

D01 =1 TO My MGDU 290

XL(I)=1.0/SQRT(ABS(B(I+1))),. MGDU 300

DO J =1 TCO M,. MGDU 310

BlJyI)=X(JyI)EXLII) . MGDU 320

END, MGDU 330

ENDy . MGDU 340

/% */MGDU 350

/% FORM (B*%(—1/2))PRIME * A * (B*x(-1/2)) */MGDU 360

/* */MGDU 370

COI =1 TC M,. MGDU 380

DO J =1 TO M,. MGDU 390

X(I9J)=0.04. MGDU 400

DO K = 1 TO My MGDU 410

X(I9J)=X{I4J)+B(Ky1)*A(K,J)y. MGDU 420

ENDy. MGDU 430

END, MGDU 440

ENDy . MGDU 450

DO I =1 TO M, MGDU 460

DO J =1 TO M, MGDU 470

Al1+4J)=0.0y. MGDU 480

DO K = 1 TO M,. MGDU 490

AT 9d)=ACT ) +X{T4K)*B(KyJ)ye MGDU 500

ENDy. MGDU 510

ENDy .o MGDU 520

END,y . MGDU 530

/% */MGDU 540

/% COMPUTE EIGENVALUES AND EIGENVECTORS OF A */MGDU 550

/% */MGDU 560

CALL MSDU (AsXyMsMV),. MGDU 570

DO I =1 TO My. MGDU 580

XLII)=A(I,1)y. MGDU 590

/% */MGDU 600

/% CCOMPUTE THE NGRMALIZED EIGENVECTORS */MGDU 610

/* */MGDU 620

DO J =1 TO M,. MGDU 630

AlI1+4J)=0.0,. MGDU 640

DO K =1 TO My. MGDU 650

AlT5J)=A(T4J)+B(14K)*X(KyJ)ya MGDU 660

END,y. MGDU 670

ENDy . MGDU 680

ENDy. MGDU 690

00 J =1 TO M, MGDU 700

SUMV =0.0, MGDU 710

DO K = 1 TO My. MGDU 720

SUMV =SUMV+A(K,J)*A(KyJd) g MGDU 730

ENDy . MGDU 740

SUMV =SQRT(SUMV),. MGDU 750

DO K =1 TO M,. MGDU 760

X{KyJ)=A(KsJ)/SUMV,. MGOU 770

ENDy o MGDU 780

END,y . MGDU 790

e MGDU 800

RETURNy « MGDU 810

ENDy . /*END OF PROCEDURE MGDU */MGDU 820
Purpose:

MGDU computes eigenvalues and eigenvectors of a
real matrix of the form B-inverse times A, where
A is symmetric and B is positive definite,

Usage:

CALL MGDU (M, A, B, XL, X);

M - BINARY FIXED
Given order of square matrices A, B,
and X,

A(M,M) - BINARY FLOAT [(53)]
Given symmetric matrix,

B(M,M) - BINARY FLOAT [(53)]

Given positive definite matrix,

XL(M) - BINARY FLOAT [(53)]
Resultant vector containing eigenvalues
of B-inverse times A.

X(M,M) - BINARY FLOAT [(53)]
Resultant matrix containing eigenvectors
columnwise.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero by the
called subroutine MSDU. The following constitutes
the possible error condition that may be detected:

ERROR=1 MSDU has been called and an error
has occurred (see MSDU).

Subroutines and function subroutines required:
MSDU

Both matrices A and B are destroyed,

Method:

Refer to W, W, Cooley and P, R. Lohnes,

Multivariate Procedures for the Behavioral
Sciences, John Wiley and Sons, 1962, Chapter 3.

Mathematical Background:

This subroutine calculates the eigenvalues and the
matrix of eigenvectors of the matrix Bl A,

First the subroutine MSDU is used to calculate
the eigenvalues and eigenvectors of the matrix B.
The eigenvalues b;; are stored in the main diagonal
of the original matrix B and the eigenvectors are
stored columnwise in the matrix X. Next the square
roots of the reciprocals of the eigenvalues b;; are
formed and stored in XL

1/@

Then each eigenvector stored in X is multiplied by
the corresponding value XLi;. The matrix of
results is again stored in B. Next the matrix
BTAB is generated and stored in A, Then the sub-
routine MSDU is used to calculate the eigenvalues
and eigenvectors of BTAB. The eigenvalues are
stored in XL and the eigenvectors are stored in X.
Next the matrix product BX is formed and stored in
A, The eigenvectors are then normalized to the

form aij/ \/ SUMjai.2 to form the desired output

matrix of eigenvectors.

XL, =
i
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e Subroutine MVAT

MVAT.. MVAT 10
/ /MVAT 20
’* *+/MVAT 30
’* EIGENVECTORS OF A COMPLEX HESSENBERG MATRIX */MVAT 40
’* */MVAT 50
’ /MVAT 60
PROCEDURE (AyNyEIGyV),. MVAT 70
DECLARE MVAT 80
PIN) MVAT 90
BIT(1), MVAT 100
(E7,U, T,EPS) MVAT 110
BINARY MVAT 120
(A(%, %) EIG, C,V (%)), MVAT 130
COMPLEX BINARY, MVAT 140

s MVAT 150
COMPLEX BINARY(53), MVAT 160
(NyISIN) 1 4T11,JoNLsKsK14KP1,IT) MVAT 170
BINARY FIXED,. MVAT 180
ET=1.0E-T,. MVAT 190
AlLl,1)=A(1,1)-EIGy. /%  MODIFY DIAGONAL ELEMENTS */MVAT 200
I1S(1)=1,. MVAT 210
U=ABS(A(1,1)),. /*COMPUTE A NORM OF THE MATRIX */MVAT 220
D0 1=2 TO Ny. MVAT 230
Il=1-1,. MVAT 240
1StI)=I1,. MVAT 250

AL, 1) =A(1,1)-EIG,. MVAT 260
T=ABS{A(1,1)),. MVAT 270

IF T 6T U THEN U=T,. MVAT 280

D0 J=I1 TO N,. MVAT 290
T=ABS(A(I,J))y. MYAT 300

IF T GT U THEN U=T,. MVAT 310

END,. MVAT 320

END, . MVAT 330
EPS=U*ET,. MVAT 340
N1=N-1,. % START FACTORIZATION */MVAT 350
P(1)=10"8,. MVAT 360
IF ABS(A[2,1)) GT ABS(A(l,1)) 1% INITIALIZATION */MVAT 370
THEN 0Oy . MVAT 380
PL1)="18,. MVAT 390

DO I=1 TO Ny. MVAT 400
C=A(1,1),. MVAT 410
AlL,1)=A(2,1),. MVAT 420
AL2,1)=Cy. MVAT 430

END,. MVAT 440

END, . MVAT 450

IF ABS(A(1,1)) LT EPS THEN A(1,1)=EPS,. MVAT 460
Al2,1)=A02,1)/A(151),. MVAT 470
0 K=2 TO Nl,. MVAT 480
KP1=K+1y. MVAT 490
K1=K-1,. MVAT 500
S=AlKsK)yo /%  COMPUTE THE LOWER FACTOR */MVAT 510

D0 I=IS(K) TO Kly. MVAT 520
S=S—MULTIPLY(A(K,I)4A(L4K)453),y. MVAT 530

ENDy. MVAT 540

ALK K)=S, MVAT 550

IF ABS(A(K,K)) LT Assu(xn.x)) MVAT 560
THEN DO, . PIVOTING */MVAT 570
P(KI='118,. MVAT 580

00 I=K TO N,. MVAT 590

C=AlKsI),. MVAT 600

A(K, TI=A(KPLyI)y. MVAT 610

ALKPLs1)=Cy. MVAT 620

END,. MVAT 630

DO I=IS(K) TO Kl,. MVAT 640
A(KPLy1)=A(KyI)y. MVAT 650

END, . MVAT 660

I=1S(K)y. MVAT 670
IS(K)I=IS(KPL),. MVAT 680
IS(KPL)=I,. MVAT 690

END, . MVAT 700

ELSE DO, . MVAT 710
PIK)="0"8,. MVAT 720

DO J=KP1 TO Ny. /%  COMPUTE THE UPPER FACTOR */MVAT 730

S=AlKsd) e MVAT 740

D0 I=IS(K) TO Kly. MVAT 750
S=S~MULTIPLY(A(I+J)sA(KsT)453),. MVAT 760

END,. MVAT 770

AlKyJ)=Sy. MVAT 780

END, . MVAT 790

END,. MVAT 800

/% NORMALIZE THE LOWER FACTOR */MVAT 810

IF ABS{A(K,K)) LT EPS THEN A(KsK)=EPS,. MVAT 820
A(KPLyK)=AUKP1yK) /ALK KD ye MVAT 830
ENDy. MVAT 840
S=A(NsN),. MVAT 850
DO I=IS(N) TO N1, MVAT 860
S=S-MULTIPLY (AN, T),ALT,N) 153, . MVAT 870

END, . MVAT 880
AINyN)=S, % END FACTORIZATION */MVAT 890
IF ABS(A(N,N)) LT EPS THEN A(N.N)=EPS.. MVAT 900
D0 I=1 TO N,. INVERSE ITERATION */MVAT 910
ViI)=1,. n STARTING VALUE */MVAT 920
END,y. MVAT 930

DO IT=142,. MVAT 940

ve MVAT 950

IF IT 6T 1 MVAT 960

THEN 00, . MVAT 970

D0 I=1 TO Nl,. lad INTERCHANGES */MVAT 980

IF P(I) MVAT 990

THEN DO, . MVAT1000

I1=1+1,. MVAT1010

C=ViIl,. MVAT1020

VID=V(I1),. MVAT1030

VIIL=C,y. MVAT1040

END, . MVAT1050

ENDy o MVAT 1060

D0 I=2 TO N,. /%  SOLVE WITH LOWER FACTOR  */MVAT1070

S=V(I),. MVAT1080

D0 J=IS(I) TO I-1, MVAT 1090

S=S-MULTIPLY (ACI,J),V(J)453),. MVAT1100

END, . MVAT1110

V(I)=S,. MVAT1120

END,y .« MVAT1130

NDy. MVAT1140
VINI=VIN)/AINsN)y . /%  SOLVE WITH UPPER FACTOR  */MVAT1150
U=ABSIVIN) ), . MVAT1160

D0 I=N1 TO 1 BY —1,. MVAT1170

S=V(I),y. MVAT1180

DO J=1+1 TO Ny. MVAT1190

S=S—MULTIPLY (A(I,J),V(J),53),. MVAT1200

END, . MVAT1210
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VII)=S/A(I,1)y. MVAT1220

T=ABSI(V(I)),. MVAT1230

IF T GT U MVAT1240

THEN DO, . MVAT 1250

K=Iye MVAT1260

U=T,. MVAT1270

ENDy « MVAT1280

END,y . MVAT1290

c =VIK)yo MVAT1300

D0 I=1 TO Ny. /% NORMALIZE RESULTING VECTOR */MVAT1310

VII) =V(I)/Cy. MVAT1320

ENDy . MVAT1330

ENDy . /% END OF LOOP FOR ITERATION */MVAT1340

RETURNy « MVAT1350

END, . /* END OF PROCEDURE MVAT */MVAT 1360
Purpose:

For a given almost triangular complex matrix
(Hessenberg), this procedure provides the eigen-
vector corresponding to a given eigenvalue.

Usage:
CALL MVAT (A, N, EIG, V);

A(N,N) - COMPLEX BINARY FLOAT
Given almost triangular matrix.

N - BINARY FIXED
Given order of the matrix.

EIG - COMPLEX BINARY FLOAT
Given eigenvalue.

V(N) - COMPLEX BINARY FLOAT
Resultant vector containing the eigen-
vector corresponding to EIG,

Remarks:

The original matrix is destroyed.
Method:

Wielandt's inverse iteration is applied to the matrix,
using the given eigenvalue as a shift.

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue
Problem, Clarendon Press, Oxford, 1965.

Mathematical Background:

For a given nonsingular matrix A, the inverse
iteration is defined by the following process:

TS DS B

where V(%) is an arbitrary starting vector. We
know that when P + », under certain conditions
v{P) tends to an eigenvector V associated with the
smallest eigenvalue A g of the matrix A,

When converging to V, the speed of convergence
can be substantially improved by shifting the origin



of the eigenvalues close to Ag. Then the iteration
can be written as
1

y@+D_

@-p tv® )

where A is the value of the shift,

When we know an approximation A of )\0, the
above properties of the inverse iteration can be
used for finding the corresponding eigenvector V
by means of equation (1).

The closer A is to Ao, the faster v(P) converges
to V. If A has been obtained with good accuracy,
V can be obtained using only a few steps of inverse
iteration.

Each step of iteration is equivalent to finding the
solution of the equation

(a-ap vPD o @) @)

Considering a triangular factorization of A - A I,
A - Al = LR, the solution of equation (2) will be
provided by solving successively

Lw = v® ®3)

rv®P) - w )

where L and R are lower and upper triangular
matrices. The triangular decomposition has to be
performed only once before starting the iterative
process, and the iteration is carried out by solving
equations (3) and (4).

Programming Considerations:

A technique of partial pivoting by row interchange
is included in the process of triangular factoriza-
tion. This pivoting is obviously convenient in two
ways; it is economical and does not modify the
special structure of the matrix. Thus, it will be
possible to take advantage of this structure in the
factorization of the matrix, as well as in the
solution of equation (3).

Since the starting vector is arbitrary, we choose
it so that

V(O) = Le, W = e,

where:

Then the first iteration will consist of solving
equation (4) only:

RV(l) = e

Only two iterations are performed. Most of the
time they are quite sufficient to provide an accurate
approximation of the eigenvector V,
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o Subroutine MVSU

MVSU.. MVSU 10
/ % /MVSU 20
Ad */MVSU 30
/% BACK TRANSFORMATION OF THE EIGENVECTORS */MVSU 40
/¥ SYMMETRIC CASE */MVSU 50
/% */MVSU 60
/MVSU 70

PROCEDURE (A;N¢CDsV)ye MVSU 80
DECLARE MVSU 90
(A(*),CD(*),V(*),T,C) BINARY, MVSU 100
(MyN,ICDsKsKP1yKP2yJy15L) BINARY FIXED, MVSU 110

(Sy0P) BINARY(53)s. MVSU 120
1CD=(N*(N+1))/2-1,. MVSU 130

DO K=N-1 TO 2 BY -1y« MVSU 140
KP1=K+1,. MVSU 150
ICD=1CD-KP 1, . MVSU 160
C=ALICD)-CD(K), . MVSU 170

IF C NE O MVSU 180

THEN DOy . /% ORTHOGONAL TRANSFORMATION */MVSU 190

$=0,. MVSU 200

J=1CD-K+1y. MVSU 210

DO I=K TO Ny« MVSU 220

J=J+I-1y. MVSU 230
S=S+MULTIPLY(A(J)yVII)453),. MVSU 240

END, . MVSU 250

S=S/CD(K), .« MVSU 260

T=(S-V(K))/Cye MVSU 270

VIK)=Sye MVSU 280

J=1CDy . MVSU 290

00 I=KP1 TO Nj. MVSU 300

J=Jel-1y. MVSU 310

VII)I=VII) +T*ALS) . MVSU 320

ENDy . MVSU 330

END,. MVSU 340

END, . MVSU 350

$=0y. Vad NORMALIZE */MVSU 360

00 I=1 TO Ny. MVSU 370

DP=V(I),y. MVSU 380

S=S+DP*DP, . MVSU 390

END,. MVSU 400

S=SQRT(S),. MVSU 410

DO I=1 TO Ny« MVSU 420
VID=VIIN/Sy. MVSU 430

END,. MVSU 440

RETURN, MVSU 450
END,y. % END OF PROCEDURE MVSU */MVSU 460

Purpose:

For a given symmetric matrix M that has been
reduced to a similar tridiagonal symmetric matrix
H by procedure MSTU, MVSU gives the eigenvector
of M corresponding to a given eigenvector of H.

Usage:
CALL MVSU (A, N, CD, V);
A(N*(N+1)/2) - BINARY FLOAT

Given vector whose elements are
set up by procedure MSTU.

N - BINARY FIXED
Given order of the original matrix
M.

CD(N) - BINARY FLOAT

Given vector containing in positions
2, 3, ..., N the codiagonal terms
of the tridiagonal matrix.

V(N) - BINARY FLOAT
Given eigenvector of the tridiagonal
matrix, Resultant eigenvector of
the original matrix.

Remarks:

See procedure MSTU.,
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Method:

The eigenvector of the almost triangular matrix
H is transformed according to the unitary similar-
ities applied to matrix M in procedure MSTU.,

For reference see:

J. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965.

Mathematical background:

For a symmetric matrix M of order n that has been
reduced to the tridiagonal matrix H by similarities,
we have a relation of the form

H=p'MP

and an eigenvector of M, X(M) corresponding to an
eigenvector of H, X(H) according to

HM) = P * X(H) (1)

In procedure MSTU, P consists of the product of
(n-2) Householder's matrices:

P =T+—2 _(w-b be. )T
i b(v,,; - D) (v -Dbe, ;) (v -be, )

where the vector v and the scalar b have been defined
in the transformation of the i-th column of the
given matrix in procedure MSTU.,

P will thus be applied to X(H) by means of (n-2)
successive transformations, Py o, Py_1, ..., Pq,
according to equations (1) and (2).

The elements v and b defining each P; are trans-
mitted to MVSU through the parameters A and B.



e Subroutine MVUB

MVUB.. MVUB 10

/ /MVUB 20

/* */MVUB 30

/% BACK TRANSFORMATION OF THE EIGENVECTORS */MVUB 40

IAd HOUSEHOLDER®S TRANSFORMATIONS */MVUB 50

1% */MVUB 60

/ * */MVUB 70

PROCEDURE (AsNyBsV),. MVUB 80

DECLARE MVUB 90

(A(*,%) ,B(*),T,U) BINARY, MVUB 100

{I,KsK1,KP1,N) BINARY FIXED, MVUB 110

{V(*),X) COMPLEX BINARY, MVUB 120

S COMPLEX BINARY(53),. MVUB 130

DO K=N-1 TO 2 BY —1,. MVUB 140

IF B(K) NE O MVUB 150

THEN DOy . /% ORTHOGONAL TRANSFORMATION */MVUB 160

KP1=K+1l,. MVUB 170

K1=K=1,. MVUB 180

S=MULTIPLY(B(K),V(K),53),. MVUB 190

DO I=KPl TO N,. MVUB 200

S=S+MULTIPLY (A(I,K1),V(I),53),. MVUB 210

END,. MVUB 220

S=S/A(K K1)y MVUB 230

X=(S=V{K))/(B(K)-A(K,K1) ),y MVUB 240

VIK)=S,. MVUB 250

DO I=KP1l TO N,. MvuB 260

VDY =VII) +X*¥A(T4K1) e MVUB 270

END, . MVUB 280

ENDy . MVUB 290

END,y . MVUB 300

K=1y. us 310

T=ABS(V(1)),. /% NORMALIZE */MVUB 320

DO I=2 TO N,. MVUB 330

U=ABS(V(I)),. MVUB 340

IFUGT T MVUB 350

THEN DO, MVUB 360

T=Uy. MVUB 370

K=I,y. MVUB 380

ENDy .o MVUB 390

ENDy .« MVUB 400

X =VI(K) o MVUB 410

D0 I=1 TO N,. MVUB 420

VD) =V(I)/Xye MVUB 430

END,. MVUB 440

RETURN, . MVUB 450

ENDy . /% END OF PROCEDURE MVUB */MVUB 460
Purpose:

For a given matrix M that has been reduced to a
similar almost triangular matrix H by procedure
MATU, MVUB gives the eigenvector of M cor-
responding to a given eigenvector of H,

Usage:
CALL MVUB (A, N, B, V);

A(N, N) - BINARY FLOAT
Given two-dimensional array whose
elements are set up by procedure MATU.,
N - BINARY FIXED
Given order of the matrix.
BINARY FLOAT
Given vector whose components are
provided by procedure MATU.
COMPLEX BINARY FLOAT
Given eigenvector of the almost triangular
matrix.
Resultant eigenvector of the original
matrix.

B(N) -

V(N) -

Remarks:

See procedure MATU.

Method:

The eigenvector of the tridiagonal matrix H is
transformed according to the unitary similarities
applied to the matrix M in procedure MATU.

For reference see:

J. H, Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965,

Mathematical background:

For a matrix M of order n that has been reduced to
the almost triangular matrix H by similarities, we
have a relation of the form

H=plymp

and an eigenvector of M, X(M) corresponding to an
eigenvector of H, X(H) according to

X(M) = P X(H) ' 1

In procedure MATU, P consists of a product of (n-2)
Householder's matrices:

P=P + P.e.. P, )
P =1 +; v - b - be t
i Vv, ) (v -be; ) (v -De, )

where the vector v and the scalar b have been defined
in the transformation of the i-th column of the given
matrix in procedure MATU.

P will thus be applied to X(H) by means of (n-2)
successive transformations, Phos Ppots oo Py,
according to equations (1) and (2).

The elements v and b defining each P; are trans-
mitted to MSTU through the parameters A and B.
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e Subroutine MVEB

MVEB.. MVEB 10

/ /MVEB 20

7% */MVEB 30

/* BACK TRANSFORMATION OF THE EIGENVECTORS *®/MVEB 40

/% ELIMINATION TECHNIQUES */MVEB 50

lAd */MVEB 60

/ /MVEB 70

PROCEDURE (AyN,IPyV),. MVEB 80

DECLARE MVEB 90

(A(*,%),T,U) BINARY, MVEB 100

(V(*),C) COMPLEX BINARY, MVEB 110

(IP(*),1,KyKIyN) BINARY FIXED, MVEB 120

S COMPLEX BINARY(53),. MVEB 130

DO K=2 TO N-1,. MVEB 140

K1l=K#1,. MVEB 150

IF A(KL,K) NE O MVEB 160

THEN DO,. /% ELEMENTARY TRANSFORMATION #*/MVEB 170

S=VIK)y. MVEB 180

DO I=1 TO K-1,. MVEB 190

SaS—MULTIPLY(A(KL,I)yV(I)e53),. MVEB 200

END,y .« MVEB 210

VIK)=Sy. MVEB 220

ENDyo MVEB 230

ENDy. MVEB 240

DO K=2 TO N-ls. MVEB 250

IF IP(K) NE K /% INTERCHANGES */MVEB 260

THEN DOy« MVEB 270

I=IP(K) e MVEB 280

C=V(K),y. MVEB 290

VIK)I=V(I)ya MVEB 300

viI)=C, MVEB 310

ENDy. MVEB 320

ENDy. MVEB 330

K=1ly. MVEB 340

T=ABS({V(1)),. * NORMALIZE */MVEB 350

DO I=2 TO Ny. MVEB 360

U=ABS(VII)),y. MVEB 370

IFUGT T MVEB 380

THEN DO« MVEB 390

T=Us. MVEB 400

K=Iye MVEB 410

ENDy . MVEB 420

END,y. MVEB 430

c =VIK)yo MVEB 440

DO I=1 TO N,. MVEB 450

VII) =V(I)/Cy. MVEB 460

ENDye MVEB 470

RETURNy .« MVEB 480

END, . /% END OF PROCEDURE MVEB */MVEB 490
Purpose:

For a given matrix M that has been transformed to
a similar almost triangular matrix H by procedure
MATE, MVEB gives the eigenvector of M cor-
responding to a given eigenvector of H,

Usage:
CALL MVEB (A, N, IP, V);
A(N,N) - BINARY FLOAT

Given two-dimensional array whose
elements are set up by procedure MATE,

N - BINARY FIXED
Given order of the almost triangular
matrix,

IP(N) - BINARY FIXED

Given vector whose components are
provided by procedure MATE,

V(N) - COMPLEX BINARY FLOAT
Given eigenvector of the almost triangular
matrix,
Resultant eigenvector of the original
matrix.

Remarks:

See procedures MATE and MVAT,
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Method:

The eigenvector of the almost triangular matrix is
transformed according to the similarities applied to
the matrix M in procedure MATE,

For reference see:

d. H. Wilkinson, The Algebraic Eigenvalue Problem,
Clarendon Press, Oxford, 1965,

Mathematical background:

We know that a given matrix M of order n can be
reduced by similarity to an almost triangular matrix
H, This can be written as

H = sMs

Then, for a given eigenvalue of both M and H, the
corresponding eigenvectors V of M and W of H are
related by the equation

v = slw

The transformation S is defined here as the product
of a triangular matrix T with unit diagonal by a
permutation matrix P which was operating on the
rows of M according to the pivoting used in procedure
MATE.

The elements of the matrix T are transmitted to
the procedure through the array A. The permuta-
tion matrix P is defined by the information contained
in vector IP.

Then V is provided by

V = PX
where the vector X is the solution of the equation

™ =W



Polynomial Operations Remarks:

e Subroutine POV Operation is bypassed if N is not positive. Any input
value of OPT other than 'T', 'L', or 'H' is treated
POv.. Jov 1o as if it were 'P', The values of the shifted poly-
7 CALCULATE VALUES OF FIRST N CRTHOGONAL POLYNOMIALS A nomials of Chebyshev or Legendre for argument
7 Teov &0 X are obtained as values of non-shifted polynomials
PROCEDURE(XsNyOPT4Y) o POV 70
DECLATfX.H'NC.vaHZ'FNI BINARY FLCAT(53), :gz gg for the a’rg’lment (2 ¢ X- 1)‘
é::‘:;;x:LDATy /*SINGLE PRECISION VERSION /*S‘/ﬁg\‘ :?8
/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D%/POV 12C .
0T CHARACTER(L) oo rov 12|  Method:
LXx =Xy POV 150
IF N GE 1 /*BYPASS OPERATION IF N LE O */PQV 160
THEN ?2'6PT=‘T' /*CHEBYSHEV POLYNOMIALS T(X) ./533 }Zg Evaluation is based on the three-term recurrence
THEN HO =LXy. /*INIT. STARTING VALUE */POV  19C . 'a_l
FLse 22" =1y /*INIT. INTEGER FACTOR TERM ‘lzgx g?g relatlon for Orthogonal p01yn0m1 5.
HO =0y /*INIT. STARTING VALUE */POV 220
ENDy .« POV 230
YRR 2 o e /STORE AN SAE FiRsT ReswT =70V 20| For reference see:
H2 =LX*Hl,y. /*PERFORM COMMON CALCULATION */POV 260
'I‘F nP:Hbzl;H?';’; /*CHEBYSHEV POLYNOMIALS T(X) ‘/:g‘c g;g . .
THEN ‘:E'E‘)Prs THY /*HERMITE POLYNOMIALS H(X) ‘l::gz 233?) Ja}lnke_Emde-LoeSCh’ Tables Of ngher Fun0tlons’
THEN 227" czernnric,. bov 330 B. G. Teubner, Stuttgart, 1960, pp. 96-114,
::D'.=FN-27. /*STEP INTEGER FACTOR ‘l:gx ;2(0,‘ M. AbramOWitZ and I. A. Stegun, M
ELse gFovlsPh We /*LAGUERRE POLYNONIALS L{X)  */bov 323 Mathematical Functions, Applied Mathematics
HE w 1o /e, rov §Z§ Series 55, National Bureau of Standards, 1964,
ELSE S:D"-uz /*LEGENDRE POLYNOMIALS P(X) t/:gz :gg pp. 771-803.
—H/FN, POV 420
FN =FN+1,. /*STEP INTEGER DENOMINATOR */°0V 430 .
END'.END“ /*CONTINUE COMMON CALCULATION */:gx 2;3 Mathematlcal BaCkground:
HO =H1l,y. /*SAVE PRECEDING RESULT VALUE */P0OV 460
HLyY(T)=H#H2,. /*STORE AND SAVE I-TH RESULT */POV 470
ey, sov 40|  The orthogonal polynomials are defined by the fol-
ENDy .« /*END OF PRDCEDURE POV */POV 500 . . .
- lowing iteration scheme:
Purpose: Chebyshev polynomials Tk(x)
POV computes the values of the first n orthogonal
polynomials. The user has the choice of TO(X) =1
Chebyshev polynomials (Tgs T1, oo, Tn—l) with Tl(x) =x
OPT = 'T'
Legendre polynomials (Pg, Pq, ..., P,_7) with
OPT = 'P' Tk+1(x) =2x Tk(x) - Tk_l(x) , fork=1,2,...
Laguerre polynomials (Lg, Ly, «.o, L ;) with
- 1Tt .
OPT = 'L ) Laguerre polynomials P (x)
Hermite polynomials (Hg, Hy, ..., Hn—l) with
OPT = 'H'
P =
o® =1
Usage:
Pl(x) =X
CALL POV (X, N, OPT, Y);
X -  BINARY FLOAT [(53)] k+1)Py ;&) = @k+1)xP) (x) - kP, (x),
Given argument of the orthogonal polynomials fork=1. 2
N - BINARY FIXED P e
Given number of orthogonal polynomials to be
calculated. L :
aguerre polynomials L (x)
OPT - CHARACTER (1) e k
Given parameter of choice (see '""Purpose'). _
Y(N) - BINARY FLOAT [(53)] Ly =1
Resultant vector containing the values of the
first N orthogonal polynomials. Ll(x) =1-x
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(k+1)Lk +1(x) = (2k+1 - X) Lk (x) - kLk_l(x) , e Subroutine POSV

= POSV, . POSV 10
for k 1’ 2’ L B / . *EEREXXE/POSY on
/* ®IPOSY 30
I* EVALUATE N~TERM SERIES EXPANSION IN ORTHOGONAL POLYNOMIALS T/H#0SV 4D
/* */POSY SO
/ /PQSV 60
s
Hermite polynom X PROCEDURE [ XsCyNyOPT,SUM) 4. POSV  TC
r p y lals ( ) DECLARE PNSV 80
(LXyHyHOIH1,H2,FN) BINARY FLCAT(53), POSV 90
(X,CU%),SUM) POSV 100
BINARY FLOAT, /*SINGLE PRECISION VERSION /#*S*/POSV 110
- /* BINARY FLOAT(53), /%¥DOUBLE PRECISION VERSION /%D%/POSY 120
H (X) - 1 (N,I) BINARY FIXED, POSV 130
O OPT CHARACTER(1),, POSV 140
1 =Ny o POSY 150
IF I GE 1 /*BYPASS OPERATION IF N LE O */POSV 160
THEN DO, . POSV 170
LX =Xy, POSV 18C
H, (x) = 2x IF OPT=1[ /#LAGUERRE POLYNOMIALS L(X)  #/POSV 190
1 THEN LX  =1-LX,. POSV 200
H2yH1Cy /*ZERD UIN#1)y UIN+2) OR VIN#2)#/POSV 210
N =14, POSV 220
ITER.. /+LODP OVER [ = N TO 1 BY =1  %/POSV 230
— - = IF OPT=1tTY /*CHEBYSHEV POLYNOMIALS T(X) */POSV 240
Hk (x) = ZXHk(X) Zka_l(X) ,fork=1, 2, ... THEN DO, . POSV 250
+1 HO  =LX*H1,. POSV 260
H =HO-H2+HO,. /*H = 2%X*ULI+1)-U(1+2) */POSY 270
END, . POSV 280
d ¢ ELSE DO,. POSV 290
i i i M IF OPT="'H" /*HERMITE POLYNOMIALS H{X) */POSV 300
Programming Considerations: IF Oeretn Posy 300
H o sLXSHL-FN#H2,. POSV 320
H o =HeH,. /M = 24 (XSULT+1)-1%U(1+2))  */POSV 330
N Ty END,y. POSV 340
For reasons of programming et’flclency and for ELSE DO,. /*LAGUERRE OR LEGENDRE POLYNOM.*/POSV 350
diminishing roundoff errors, the recurrence rela Y fShve vtten /508y 376
inishing roundo - M =HL/FN,. °0sV 37¢
hishing ’ HL  =Hl-H,. /#COMPUTE V(I+1) */POSV 380
3 ifs 3 . IF OPT=rLt /*_LAGUERRE POLYNOMIALS L(X) */POSV 390
tions are modified to the following forms: THEN H sHLeLX#HeH1,./%H = 28V(I+1)+(1-X)¥U(T+1)  */POSY 400
ELSE H =LX*(H1+HC) s ./*LEGENDRE POLYNOMIALS L(X)  */POSY 410
Ho =H=H2y.  /#H = XE(VIT1)4ULT+1D) */POSV 420
i ENDy. /*FOR BOTH H = H=V(I+2) */POSV 430
Chebyshev pO]'ynomlals FN =FN-1y. /*DECREASE INTEGER FACTOR */POSV 440
END, o POSV 450
H2  =Hl,. /¥SAVE ULI+1) RESP. V(I+1) #/P0SV 460
_ _ _ ML =HeC(I),. /%COMP. ULT) = HeC(T) */POSV 470
T =X, T, = 13 T 1 - XTk - Tk 1 + XTk 1 =I-1y. /*DECREASE COUNTER I */POSV 480
-1 0 k+ - IF 1 GT 0 POSV 490
THEN GO TO TTER,. /#END OF LOOP OVER 1 */POSV 500
IF QPT=rT¢ POSV 510
THEN H1 =H1=HO,y. /*MODIFY U(1) IN CHEBVSHFV CASE*/POSV 520
fork=0,1,2,..., n-2 SUM aH1,. /#RETURN VALUE OF SERIES +/705Y 830
END
ENDy . ' /*END OF PROCEOURE POSV */POSY 550
Legendre polynomials
Purpose :

POSV computes the value of the sum

Pk+ 1= ka—Pk_l—(ka—Pk_ 1)/ (k+1) + xP, .

c f x) for a given vector C = (c,,c_,...,cC.),
fork=0,1,2,...,n-2 %:1 k-1 gl (€120 N

Laguerre polynomials

and a specified set of orthogonal polynomials (fk).

L, =0,L,=1,

0 The user has the choice of

Lk+1 = Lk_Lk—1+ (Lk_(XLk_Lk—1+I‘1<)/ (k+1)) Chebyshev polynomials (TO, Tl’ cee TN—l)

fork =0, 1, 2 n-2 with OPT ='T'

- Legendre polynomials (PO,Pl, e, PN—l)
with OPT ="'P!

Hermite polynomials

-1 :
Laguerre polynomials (LO,Ll, cee s LN—l)

ey TXH 7 H g - GReDE 4 xi Wit 0P =L

Hermite polynomials (HO, Hl’ oo
with OPT ="'H'

Hy )
fork=0,1,2, ..., n-2 N-1
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Usage:
CALL POSV (X, C, N, OPT, SUM) ;

X- BINARY FLOAT [(53)]
Given argument of orthogonal polynomials.

C(N) - BINARY FLOAT [ (53) ]
Given coefficient vector of series expansion.
N - BINARY FIXED
Given dimension of coefficient vector,
OPT - CHARACTER (1)
Given parameter of choice (see ''Purpose'),
SUM - BINARY FLOAT [(53)]
Resultant value of series expansion for
argument X,
Remarks:

Operation is bypassed if N is not positive. Any in-
put value of OPT other than 'T', 'L', or 'H' is
treated as if it were 'P',

The sum of an expansion in shifted Chebyshev or
Legendre polynomials for argument x is obtained
as the value of the expansion in non-ghifted poly-
nomials for argument (2 « x - 1).

Method:

Evaluation is based on the three-term recurrence
relation for orthogonal polynomials, using a back-
ward iteration scheme,

For reference see:

M. Abramowitz and I, A. Stegun, Handbook of

Mathematical Functions, Applied Mathematics
Series 55, National Bureau of Standards, 1964,
pp. 771-803,

Mathematical Background:

Evaluation is based on the following iteration
schemes:

Chebyshev expansion

Set Un 1= Un 42 = 0 and use the recurrence
relations:

T, =2xT, _ U =c

k-1" Tk—2’ « + 2xU + -U.

k k+l “"k+2

successively for k =n, n-1, ..., 2.

- 2_: ciTi—l * (cn * ZXUn+1 - Un+2) Tn—l

“Upi Tao

n-1

= 21 c;iTi-l * UnTn—l - Un+1 Tn—2

1=

= + - = + -
clT0 Ule U3T0 c1 xU2 U3

Legendre expansion

Set U =U

=0 and use the recurrence relations
ntl “n+2

kP =x@k-1) P, - k-DP,_,

(k-l)Uk =cp + x(2k-1) Uk+1 - kU

k+2
successively for k=n, n-1,. .., 2. Then:
n n
P = + -
; Pt T X %P1V nP U Pog
=1 i=1
n-1

=3 ciPi-l + (cn+x(2n—1)U_n_'_1 -nUp0) Py

i=1

" U @DP
n-1

= P - —(n-
Z_i P +U_ (o HP . -(-1)

. P
Un+1 n-2

= P + . - = + -U
010 U2 P1 U3P c1 xUz 13

0

Laguerre expansion

Set Un+ =U

1 49 =0 and use the recurrence
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relations kLk = (2k- l—x)Lk_1 ~-(k- l)Lk_ 9

(k-1)U, = ¢, +(@k-1-x)0) ;- KU,

sucessively fork =n, n-1, ..., 2. Then:

n n
> e.L, 1= > cL._,+ U . 0L -

1 1-

i=1 i=1

nU

n-1
= 1};1 L, i+ (, +@n-1-9)U

—nUn+2) Ln--1 - (n_l)Un+1Ln—2
n-1

- (-1 Un+ an-Z

= clLO + U2L1 - U3 LO

=c, + Uz(l—x) - U3

1

Hermite Expansion

Set Un+1 = Un+

2
lations Hk = 2ka_1 - 2(k—1)I-l.k_2
Uk =c + 2xUk+l - 2kUk 2

successively for k =n, n-1, ..., 2. Then:

L

n+2 n-1

= 0 and use the recurrence re-

n n
= + - *H
Z ciHi—l Z ciHi—l Un+1 Hn 2nUn+2 n-1
i=1 i=1
n-1
= + -
E Oy HCy *2xU, ;- 20U ) H

DU By

n-1
= Z ciHi-l * Un ’ Hn—1
=1
-2(n-1)U_,.H

n+l n-2
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= clHO + U2 . H1 - 2U3HO

= + -
¢ 2xU2 2U3
Programming Considerations:

For reasons of programming efficiency the follov/-
ing modifications of the backward iteration scheme
are used for evaluations:

Chebyshev expansion

Set:

Unt1 = Upag =0

U1=in_,_1 Ui +xU+1 +cifori=n,...,1
Then:

n

E:l ciTi—l(X) = U1 —xU2

Legendre expansion

Set:

v

V =

i1~ Ve~ Ui+1/i

U =x(V, - U, “Vigo \for1=n, R |

Then:
n
X oo 0 =U
i=1

Laguerre expansion

Set:

Vier = Ui - Ui+1/ i 2

U= Vi P00 v Vi " Vi Y Y s

fori=n, ... , 1



Then:
n
> cL (®)=U

i=1

Hermite expansion

Set:
Un+1 = n+2 =0
U =&l o) + Uy

v )

i+2

e Subroutine PEC/PTC

PEC.. PEC 10

/ /PEC 20

1% */PEC 30

Al POLYNOMIAL ECONOMIZATION OVER THE RANGE (0,A) IF OPT ='S* */PEC 40

1% AND OVER THE RANGE (-A,A) IF OPT ='0" */PEC 50

1% */PEC 60

/ & /PEC 70

PROCEDURE(C )Ny My TOL,EPS,A,0PT) . PEC 80

DECLARE PEC 90

(COEY A FVIFXoFMaUy Vo W) 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /#S*x/PEC 110

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/PEC 120

(TOL,EPS)BINARY FLODAT, PEC 130

(NyMyNHyNT9JEyI4ICyNODy JST,ISTyJ) PEC 140

BINARY FIXED, PEC 150

LN BINARY FIXED(31), PEC 160

(OPT,SW,ERROR EXTERNAL) CHARACTER(1), PEC 170

SW =1EY, . /*MARK ENYRV ECONOMIZATION */PEC 180

EPS,M = 0, PEC 190

GO TO COM,. PEC 200

PTC.. PEC 210

/ /PEC 220

/* */PEC 230

1% TRANSFORMATION OF POLYNOMIAL TO AN EXPANSION IN TERMS OF */PEC 240

/% CHEBYSHEV POLYNOMIALS OVER THE RANGE (-A,A) IF OPT='0' AND */PEC 250

1% SHIFTED CHEBYSHEV POLYNOMIALS OVER THE RANGE (0,A) IF OPT='S'%/PEC 260

/% */PEC 270

/ Kk /PEC 280

ENTRY(CyNyA4CPT) 4. PEC 290

SW =T, /*MARK ENTRY TRANSFORMATION */PEC  3C0

COM. . PEC 310

LN =Ny PEC 320

IF LN LE © PEC 330

THEN GO TO EXIT,. /*GIVEN N IS NOT POSITIVE */PEC 340

IF OPT NE 'S¢ PEC 350

THEN 00y . PEC 360

Fv PEC 370

NH PEC 380

JST v PEC 390

NOD  =LN=NH-NH, . PEC 400

ENDy . PEC 410

ELSE PEC 420

Fv PEC 430

o PEC 440

JSTv\ICID 19 PEC 450

ND, PEC 460

FH,FX:FV*‘ABS(A),. PEC 470

IF FX=C PEC 480

THEN GU TO EXIT,. /*GIVEN A EQUALS ZERD,ERROR='P'*/PEC 490

FV =0.5%F X, PE 500

NT =NHENH, , /*DIMENSION OF ARRAY T */PEC 510

BEGINy . PEC 520

DECLARE PEC 530

TINT) PEC 54C

BINARY FLOAT,. /*SINGLE PRECISION VERSION /#*Sx%/PEC 5SC

/% BINARY FLOAT(53),. /*DOUBLE PRECISION VERSION /*D%/PEC 560

ERRDRJC'v. PEC 570

/*INIT. CALCULATION OF T-ARRAY */PEC  58C

H PEC 590

DD ] =1 TO NT BY NH,. PEC 6C0

UspVaT(I)=1,. /*INSERT ONE IN DIAGONAL */PEC 610

1c =I,. PEC 620

JE =JE+NH, . PEC 630

1 =I+1,. PEC 640

DO J =1 TO JE,. /*INSERT REMAINING ELEMENTS OF */PFC 650

IF 1 GT 2 /*SUBROW AND SUBCOLUMN */PEC 660

THEN W STOIC~1) . PEC 6T7C

VaT(J)=V+NW, o PEC 680

1c =IC+NH, . PEC 690C

Uy TUIC)=U+V,. PEC 700

END,y. PEC 710

END, . PEC 720

DO I =2 TO LN'. /*SUBSTITUTION OF VARIABLE */PEC T30

CLI) =COI)*FX,. PEC 740

FX =FX*FV,. PEC 750

END, « PEC 760

Ic =NTy. /*INIT. FIRST TELESCOPING STEP */PEC 770

TELE.. PEC 780

IST ve PEC 790

1 =ICy. PEC 800

IF NOD NE 1 PEC 81C

THEN IST =NH,. PEC 820

J =LNy. PEC 830

IF J = PEC 840

THEN GO TO END,. PEC 850

V) ‘C(LN);- PEC 860

PEC 870

PEC 880

=EPS+ABS(U),. PEC 890

IF W GT ABS(TOL) PEC 900

THEN 0O0,. PEC 91C

M =LNy.o /*DIMENSION ECONOMIZED POLYNOM. *l"‘(‘. 920

DO I =2 TO LN, 93¢

ctn -C(I)/FM,./*BACKSUBSTITUYION OF VARTABLE '/PEC 940

FM =FV*FM, . 950

ENDy . PEC 960

GO TO END,y. PEC 97C

ENDy. PEC 98C

EPS =Wy, PEC 990

END,y o PEC 1000

SUBT.. /*SUBTRACT MULTIPLE OF CHEBY- */PEC 1010

-1ST,. /*SHEV POLYNOMIAL */PEC 1020

=J=JST,. PEC 1030

lF J 6T 1 PEC 1040

THEN DOy . PEC 1050

C(J) —ClJ)OU'TlI)n PEC 1060

== /*ALTERNATE SIGNS IN T */PEC 1070

GIJ T0 SUBT'. PEC 1080

ENDy . PEC 1090

IF J =1 PEC 110C

THEN C(1) =C(1)+U,. /*ADJUST CONSTANT TERM */PEC 1110

IF OPT NE *S* PEC 1120

THEN NOD =1-N0D,. /*INIT. NEXT TELESCOPING STEP */PEC 113C

IF NOD=1 PEC 1140

THEN IC C=NH-1,. PEC 1150

LN =LN-1 PEC 1160

GO0 TO TELE,. PEC 1170

END»y . PEC 1180

EXIT.. PEC 1190C

ERROR='P',, PEC 12C0

END. . PEC 1210

ENDy . /*END OF PROCEDURE PEC */PEC 1220
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Purpo

se:

PEC approximates a given polynomial by a poly-
nomial of lower degree, using a telescoping tech-

nique,

so that the error does not exceed a user-

specified tolerance TOL. Range of approximation

is (-a
Usage

CALL

,a) if OPT='0" and (0, a) if OPT='S',

.
.

PEC (C,N, M, TOL, EPS, A, OPT);

C(N) - BINARY FLOAT [(53)]

Given coefficient vector of the polynomial
P(x) =c1+cCoX + oeun +cnxn‘1

Resultant coefficient vector of the econo-
mized polynomial Py, q (x) =cq + CoX
+eee +opxml

N - BINARY FIXED
Given dimension of given coefficient vector.
M -  BINARY FIXED
Resultant dimension of economized coef-
ficient vector.
TOL - BINARY FLOAT
Given tolerance specified by the user,
EPS - BINARY FLOAT
Resultant bound for the absolute difference
between the given and economized poly-
nomial over the specified range.
A -  BINARY FLOAT [(53)]
Given value defining the range of approxima-
tion,
OPT - CHARACTER(1)
Given option for selection of operation
Purpose:

PTC transforms a given polynomial into an expansion
of Chebyshev polynomials if OPT = '0' and of shifted
Chebyshev polynomials if OPT ='S'.

Usage

CALL

PTC (C,N, A, OPT);

C(N) - BINARY FLOAT [(53)]

82

Given coefficient vector of the polynomial
P(x) =cy +cox+.00s + cnxn'l
Resultant coefficient vector of Chebyshev
expansion
P(x) =cqy+c,t.(t) +oeo +c t (1)

1 -1
with t =x/A ° no

Tk (ty if OPT='0"

and t (t) = { T¥ (t) if OPT='S'

BINARY FIXED

Mathematics-~Polynomial Operations

Given dimension of the coefficient vector,
BINARY FLOAT [ (53)]
Given value defining the range of expansion.
OPT - CHARACTER (1)

Given option for selection of operation,

A -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions
that may be detected:

ERROR ='"P' means invalid parameters:
either N <0or A=0

A value of OPT different from 'S' is interpreted as
if it were '0',

On return from PEC the locations Cm4q+°+:Cp

contain the coefficients of the Chebyshev expansion
of the difference between the given polynomial P(x)
and the economized polynomial P 1():

PR) = P @+e it @) +...ct ()

Therefore, using PEC with a very large tolerance
TOL (say, 1075)has the same effect as the applica-
tion of PTC.

Method:

In the first telescoping step a multiple of the
Chebyshev polynomial

t, &2 = T (x/a) if OPT =0’

. _
T ;(x/a) if OPT ='§'

is subtracted from given P(x), so that the difference
is a polynomial of degree n-2.
Set:

Pn— 1(x) = P(x)
then:

Pn— 2(x) = Pn— l(x) - bntn—l (x/2) (1)

Telescoping Pn—z(x) again results in a polynomial
P, _g(x) of degree n-3, and by iteration

P(x) =b, + bztl(x/ a) +b,t, (x/a) + ... Ht

(x/a) @)



This means that calculated b's form the coefficient
vector of the expansion in terms of Chebyshev
polynomials. If telescoping steps are performed
only as long as

Ibnl +|bn_1‘ ook ‘b

-~ ‘ sl TOL

then P, _;(x) is the economized polynomial, For the
Chebyshev polynomials

ltk(x/a)l < 1 for ‘ xt <a
and for all values of k; therefore,

‘ P(x) - Pm_l(x) l = l bm+1tm (x/a+...
+Db_t (x/a) ]
< l bm+1l +‘ bm+2I

+...+‘b IslTOLI
n

®3)
Mathematical Background

Calculation of the coefficients of T(t)

- L ith t =%
Set Ck(z) = 2Tk (z/2) or Tk(t) =3 Ck(2t), with t—z.
4

Then Ck (Z) = Sk(z) - Sk_z(z) (5)

with 8, (2) =( g ) -( )2 - oo s (+). @

The binomial coefficients <k;v> are easily generated
using Pascal's triangle,

An analogous calculation scheme exists for the
coefficients of Ci (z):

k/k\ kK k (k1) ke
Ck(z)'k<o>z k-—l(l)z

+ _1-{1}2_ (‘:2) e o)

The coefficients of successive Cy (z) are easily found
by the calculation scheme

2 Co(z)=2
1 Cl(z)=z
21 Cz(z)=z2-2
2
31 C3(z)=z -3z
24 1 C 4(z)=z4—4z2+2
_5_3
5 @ 1 C5(z)—z -5z +5z

2(9) 6 1 06(z)=z6-6z4+9z2—2

T 7 1 .

216 20 8 1

®)

The above calculation scheme means that the first
column is all two's and the diagonal elements are all
ones. The remaining elements are obtained by ad-
ding the two elements above in the same column and
in the adjacent left-hand column. For example,
circled element 14 is obtained by adding the two
circled elements 9 and 5.

The shifted Chebyshev polynomials are reduced to
ordinary ones using the identity

2T W4) = 2T, (V&/2) =Cy (V) ©)
or

T* (t) = —;c o @ V) with t=u/4

Programming Considerations:

The triangle (8) may be stored more compactly in the
rectangular scheme:

2 1 3 5 7

2 4 1 5 14 (10)
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The coefficients of Cok-1 form subcolumns and those
of Cy corresponding subrows. In order to be able
to use the coefficients of the auxiliary array (10), the
given polynomial

n-1

= + LN ] +
P(x) ¢ czx+ c X (11)

must first be transformed substituting x = ! al t,
which gives

2 n-1
= + + + .0 +
P(x) b1 b2t b3t bnt (12)

By this the argument range gets reduced to the
standard interval (-1, +1) if OPT ='0' and (0, 1) if
OPT = '§',

The next step is to introduce z=2t if OPT ='0' and
u=4t if OPT ="'S' and to divide all coefficients so
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obtained by two, except the first one. Naturally the
two substitutions may be applied simultaneously:

X = |a| .t =—’%—l-z =|%I-u (13)

The sequence of calculations performed is as
follows:

1. The auxiliary array (10) is set up calculating
row and column simultaneously.

2. The given coefficient vector gets replaced by
the coefficient vector with variable z or u.

3. In case PTC, performing n-1 successive teles—
coping steps gives the expansion interms of Chebyshev
polynomials. In case PEC, the iterative telescoping
is stopped as soon as the tolerance TOL is exceeded.

4, The economized polynomial must be back-
transformed to the original variable x.



PRUCEDURE PFC FCONOMIZES A POLYNOMI AL USING TRUNCAT ION IN CORRESPANNING CHFBYSHEV E XPANSION
ENTRY PTC TRANSFGRMS & POLYNCMIAL TC AN EXPANSION IN TERMS OF CHEBYSHEV POLYNOMIALS

WA e T
*

FuBEA L RRKERRREE ERBAA2HABBEARE R *
* * * * ALLOCATE *
¥ PRLULEDURE PEC * * ENTRY PTC * cesescsncecanacsaX¥ STORAGE FOR *
* *® * * . * ARRAY T *
EEEFEEEREIREEREE BEEE AL SHTERE - *
. . Rk KRR KRR KRRRE
X X . X
KERFRp | FRERHIRKES LRSS P ESEEE RSS2 . EEAEXRLEREREFEREE
ARk ENTRY PFC, % * * . * PRESET
*  INITIALIZE * * * . * FRROR='(Q", *
& ERRNR-30OUND % #MARK ENTRY PTC * . *INIT, COMP. OF ¥
* £PS= * * * N * T-ARRAY *
* * * . *
FEFEERRFRFRERREES FEEEIIRABIEINBEN . EREEEREERERERXEES
. NO %
3" Tk, FRERRC GEERRERKRKE
. . * GENERATE *
o* IS _A=O %, *COEFFICIENTS OF *
0O X*. (DEGENERATE .* * CHEB YSHF V *
VE *. RANGE) . *POL YNOMIALS IN *
. o* * ARRAY T *
x *, .x PETTTTY RS FEPRTE
*NO * YES .
. X
. RERRRD 4R K KRR RRERE
- *
. *NORMAL [Z€ RANGE *
. * IN GIVEN *
. : POL YNOMIAL :
. FEARERKERKERERERE
. X
N AEREAE GRERRE AR
. * *
. ® INIT. FIRST #
. * TFLESCOPING *
. * STEP *
. * *
. FEEKERRCRKRR RREES
. TELE X
- ARERKEF LR ERRREEEE S
. * SELECT FRIM T *
. * COEFFICIENT %
. * CTOR OF *Xeow
. * EBYSHE V
. *  POLYNOMIAL * .
. SEERBERKRRRRIRERR
sXoeessesssscacncacccsssscsssesecssscencnncacacncs s . .
. X .
. . ¥ .
. EEERAG2 AIBRFORAAE G %, G4 . .
. * UR L Lo, .* *, .
. SOIMENSION M OF * NO . *ER BOUNP* . YES . WAS x, .
. * ECCNOMI ZED *Xeeoanaeo*s EPS MAIN %X aeeeeeos*s ENTRY PEC ¥ .
. * PCLYNCMIAL * *. SUFFIC. .*¥ *. USED o .
. * *, LL.* - ¥ .
N HEEEDIAIERE ARSI RE o . .k N
. . YES *°ND .
EXt] X X X X .
FERE R R R R R AREEBH2EIERERR R AR FERREHIERRARREEER AEEERHAR B KRR RS |
* * * SUBSTITUTE  * * * *  SUBTRACT *
* MARK ILL EGAL % % NCRMALIZED  * * UPDATE ERROR ¥ * MWTIPLE DOF * .
* PAKAMETER(S), * * RANGE BACK TO * * BOUND EPS AND *¥.....e0aX® CHEB YSHF V * .
: ERROR=1*P? : * CRIGINAL : : DIMENSION M : : POL YNOMIAL : .
ERRRRRE AR BB FEHEABAAIII IR 0AE L T
“Xeosseserasoeaccnsansacces . .
. X .
eNU . o¥. .
X J4 *. .
EREEY | ERRERER RS *¥FUR THER *, N
* END OF * NO_ . *TELESCOPING*. N
£ PRUCEODURE  ¥Xuusemesaosoesscnsssanacnsesannasnasssnssnassscenesensaasennaasks STEP x 0
* PEC/PTC * *. NEEDED _.* .
Rt T *, % N
. W% .
* YES .
X .
EEEEEC LR REREAERES -
* *
® INIT. NEXT % .
* TELESCOPING *....
* STEP *
* *
EEAE AR REEERERREE
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e Subroutine POST

PCST.. POST 10
/ /POST 20
/* */POST 30
/* TRANSFORM N-TERM SERIES EXPANSION IN CRTHOGONAL POLYNGMIALS */POST 40
/% */POST 50
/%%% "> /PCST 60
PROCEDURE(X03,X15CyNsQPT,POL) . POST 70
CECLARE POST 80
(XOyXLoCU*),PCLU) 4FyFI AT BT, CIoUsUL,U2,U3,HINSN)) POST S0

BINARY FLCAT, /*SINGLE PRECISION VERSION /#S*/POST 100

/% BINARY FLCAT(53), /#DOUBLE PRECISION VERSION /#D#/POST 110
(NyT4JyKyKP1) BINARY FIXED, POST 120

CPT CHARACTER(1),. POST 130

IF N GE 1 /#BYPASS CPERATION IF N LE 0O  */POST 140
THEN DGy . /*INITIALIZATION */POST 150
Al =X0+X0, o /*INIT. CONSTANT MULTIPLIERS  */POST 160

cl =X14X1y . POST 170

IF OPT='T* /*CHEBYSHEV POLYNOMIALS T(X) */POST 180

THEN BI =0.5y. /*MODIFY FIRST CHEB. POLYNOMIAL*/POST 190

ELSE DOy. POST 200

BI =lye /*INIT. FIRST ORTH. POLYNCMIAL #/POST 210

F1 =0y, /*INIT. INTEGER FACTOR */POST 220

END, . POST 230

F(2) =Bly. /*STORE FIRST ORTH. POLYNOMIAL */POST 240

h{l) =0,.
POL(1)=C(1),.
D0 I = 2 TO Ny

/*INIT. PSEUDO POLYNOMIAL{-1) */POST 250
/*INIT. RESULTING POLYNOMIAL  */POST 260
/*CALCULATE COEFFICIENT VECTOR */POST 270

F =ClI),y. /%0F I-TH CRTHOGONAL POLYNOM. #*/POST 280
IF OPT NE *'T* POST 290
THEN DO, . /*MODIFY MULTIPLIERS AI,BI,CI */POST 300
BI =Fl,. PGST 310

Fl =FI4ly. /*FCR */POST 320

IF CPT NE *H' /*HERMITE POLYNOMIALS H(X) */POST 330
THEN 0Gy. POST 340

BI =BI/Fl,. /*FOR */POST 350

IF OPT="L" /*LAGUERRE POLYNOMIALS LX) */POST 360

THEN DO,. POST 370

Al =1-X0/FI+BI,. POST 380

cI ==X1/F1ya POST 390

ENDy .o /*FOR */P0OST 4CO

ELSE DC,. /*LEGENDRE POLYNGMIALS P{X) #/POST 410

Al =X0+BI#X0,. POST 420

cI =X1+481#%X1y. POST 430

ENDy. POST 440

ENCy . POST 450

ELSE BI =BI+BIs. POST 460
ENDy. POST 470

ELSE IF I = 3 /*READJUST CHEBYSHEV POLYNOMIAL*/POST 48C
THEN H(1) =1,. POST 490
u =0y. /*INIT. PSEUDC TERM FOR RECURR.*/POST 500
K =1s. POST 510
KP1 =2, POST 520
DO J =1 70 I-1,. /#APPLY RECURRENCE RELATION */POST 530

ul =H{K)y. POST 540
HIK) g U2=H(KPL) . POST 550

IF CPT NE 'T? /*IN CHEBYSHEV CASE */POST S60
THEN Ul =BI*Ul,. /#BYPASS MULTIPLICATION WITH 1 */POST 570
HUKP1) 4U3=A1*U2-U1+CI*U,. POST 580

u =L2y. POST 550
POL(J)=PCL(J)+F*U3,./*UPDATE PCLYNCMIAL VECTOR */POST 600

K =KP1+1,. POST 610

KP1  =K+4l,. POST 620
ENDy. POST 630

HIK) =0y /*INIT, PSEUDC TERM FOR RECURR.*/POST 640

U3,H(KP1)=U2*CI,.
POLIT)=F*U3,.

/*COMPLETE I-TH ORTH.POLYNCMIAL*/POST 650
/#INIT. I-TH TERM OF POLYNOMIAL*/POST 660

ENDy /+#COEFFICIENT VECTOR */POST 670
ENCy o POST 680
ENC, . /*END CF PROCEDURE POST */POST 690

Purpose:

POST transforms a given series expansion in
orthogonal polynomials to a polynomial. The
independent variable of the given expansion is as-
sumed to be x, + X7 x; that is, a linear transforma-
tion of the range is built in. The coefficient vector
C =(cy, ..., Cp) is given. Procedure POST cal-
culates POL = (poly, «--, poln) satisfying

n _ n i-1
Z ¢ fi~1 (x0 +xg X) = Z pol;s x
i=1 i=1

For the specified set of orthogonal polynomials (fk)
the user has the choice of:

Chebyshev polynomials (T, Ty, ..., Tn—l)
with OPT ='T"

Legendre polynomials (PO, Pl, cees Pn—l)
with OPT ='P'
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Laguerre polynomials (Lo> Ly, eee, Ln—l)
with OPT ="'L!

Hermite polynomials (Hy, Hl’ eees Hy_q)
with OPT ="H'

Usage:

CALL POST (X0, X1, C, N, OPT, POL);

X0 - BINARY FLOAT [ (53)]
Given constant term of argument
transformation,

X1 - BINARY FLOAT [(53)]

Given linear term of argument trans-
formation.,
BINARY FLOAT [(53)]
Given coefficient vector of expansion,
with coefficients ordered from low to
high,
N - BINARY FIXED
Given dimension of coefficient vector.
CHARACTER (1)
Given parameter of choice (see "purpose'!),
POL(N) - BINARY FLOAT [ (53)]
Resultant coefficient vector of resultant
ordinary polynomial, with coefficients
ordered from low to high,

C) -

OPT -

Remarks:

N must be positive, or operation is bypassed,

Any input value of OPT other than 'T', 'L', or
'H' is treated as if it were 'P',

Transformation of an expansion in shifted
Chebyshev or Legendre polynomials is obtained
using the linear transformation (@xy - 1) + (2x9) x.

The resultant vector POL may occupy the same
storage locations as the given vector C.

Method:

The coefficient vector POL is calculated from the
coefficient vectors of the orthogonal polynomials,
which are generated successively using the re-
currence relation,

fk i (ak+ckx) fk - bkfk—l fork =0

with £_ =0, £,=1.

For reference see:

M. Abramowitz/I. A. Stegun, Handbook of Math-
ematical Functions, Applied Mathematics Series 55,
National Bureau of Standards, 1964, pp. 771-803.




Mathematical Background:
The coefficient vectors of the orthogonal polynomials
for argument z = x X, X are generated using the

three-term recurrence relation:

Chebyshev polynomials

T =0, T

1 =1, Tl(z) =X +X X

0 0 "1
Tk+ 1 (z) = 2x0Tk(z) - Tk_l(z) + 2x1 . ka(z),
fork=1

Legendre polynomials

P, =0, P =1

P, ()= <|. + k—i) x,P, (2) -( EEI) P (@)

k
+<1 + k+1> X X Pk(z), fork =0

Laguerre polynomials

L =0,L =1

k%o

L4 (@ = ( 1 EII> L, (2) -<k%> L (@

X
e ka(z), fork =0

Hermite polynomials

H =0, H =1

Hk T 2x0 Hk(z) -2ka_1(z) +2x1 ka(z),

fork >0
Programming Considerations:

Using TO/ 2 instead of To, the above recurrence
relation for Chebyshev polynomials is also valid for
calculation of the coefficient vector of Ty(z) with
k = 0. The coefficient vectors of two successive
orthogonal polynomials are combined in an auxiliary
linear array H with coefficients of the lower poly-
nomial in H(1), H(3), ..., and those of the higher
polynomial in H(2), H(4), ... .

Both coefficient vectors are ordered from low
to high,

e Subroutine PRTC

(NOUNDERFLOW) . .PRTC. . PRTC 10
/ /PRTC 20
Vil */PRTC 30
/* CALCULATE ALL RCCTS GF A COMPLEX PCLYNCMIAL */PRTC 40
/% */PRTC 50
/ L i i /PRTC 60
PROCEDURE(CyN) s« PRTC 70
CECLARE PRTC 80
C(*) COMPLEX PRTC 90
BINARY FLCAT, /%#SINGLE PRECISION VERSION /*S*/PRTC 100

Ad BINARY FLOAT(53), /#DOUBLE PRECISION VERSICN /*D*/PRTC 110
(DIN)+B(N)+Z4DZsVWsUsZC) CGMPLEX PRTC 120
BINARY FLOAT, /#SINGLE PRECISICN VERSION /#S5*/PRTC 130

/% BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /#D*/PRTC 140
INJLN,I1,KsKDyJyJE) PRIC 150
BINARY FIXED, PRTC 1€0

{I1,IN DEFINED R,ID DEFINED AW,IR,IR1,IR2) PRTC 170

BINARY FIXED(31), PRTC 180
(AV,AVO,TCLsAZ,AN,RyRO4RKM,ARG,ARGY) PRTC 1SC
BINARY FLOAT, /*SINGLE PRECISION /%S%/PRTC 200

lAd BINARY FLOAT(53), /*DOUBLE PRECISION VERSION /*D*/PRTC 21C
ERROR EXTERNAL CHARACTER(1),. PRTC 220

11 091567616, « PRTC 230
LN /*NUMBER CF MISSING ROQTS */PRTC 240

z PRTC 25C
ERRCR='0",. PRTC 2€0
ZERO. . PRYC 270
AVO =1E75y. /*FORCE SHIFT CF ORIGIN */PRTC 280
IF LN LE O PRTC 250
THEN GO TO EXIT,. /*ALL RCCTS CALCULATED */PRTC 3C0
IF C(LN)=0 PRTC 310
THEN DGy /*EXTRACT ZERC ROOT */PRTC 220
LN =LN=1ly. PRTC 330

GO TO ZERCy. PRTC 340

ENDy. PRTC 350

CZ42Z =CONJG(Z)y. PRTC 3€0
DO I = 1 TO LN,. PRTC 370
O(I)4B(I)=C(I)ye /#*MOVE CCEFFICIEN: */PRTC 380

ENDy .« PRTC 390
VALUE.. PRTC 4CO
TOL =0.2y. /¥INIT. */PRTC 410
AL =ABS(Z)y. PRTC 420
v =l PRTC 430
00 1 =1 T0 LNy. /*CCMP. */PRTC 440

L] =D(1),. /*AND PCLYNCMIAL VALUE #/PRTC 450
VyCUI)=W+VEZ,. PRTC 460

TOL =ABS(W)+AZ*TCL,. PRTC 47C

ENDy o PRTC 480

TOL =(TOL+4*(TOL-ABS(W))) PRTC 4S50
*1.0E-6y.9. /*SINGLE PRECISION VERSION /#S%/PRTC 500

/% *0.25€E-15,. /*DOUBLE PRECISION VERSION /*D*/PRTC 510
AV =ABS(V),y. PRTC 520
IF Av= 0 THEN GO TC RCOT,. PRTC 530
IF AV LE TOL PRTC 540
THEN IF AV GT AVO PRTC 850
THEN DOy« /*STORE CALCULATED ROOT */PRTC 560
ROOT.. PRTC 570
C(LN)=Z,. PRTC 580

N =LN-19. PRTC 550

GG TO ZERCy. PRTC 6CO

ENDy . PRTC 610

ARGV =ATAN(-IMAG(V),—REAL(V)),. PRTC 620
IF AV LT AVO /%HAS VALUE DECREASED */PRTC 630
THEN DOy. PRTC 64C

R =AVy.o PRTC 650

RDsU =1y. PRTC €60

IR =(IN-I1)/LNy. PRTC 670

KDy JE=LN,y o PRTC €80
SKIFT.. PRTC 690
L] =ly. PRTC 7CO

DO J=1 TO JE,. /*SHIFT CF ORIGIN */PRTC 710

BUJ) yW=BlJ)+W*DZ,. PRTC 720

ENDsy o PRTC 730

IF LN NE JE PRTC 740

THEN DOy. PRTC 750

AW =ABS(W)y. PRTC 760

K =LN-JEs. PRTC 770

IR1 =(IN-ID)/Ky. PRTC 780

IF IRl LT IR PRTC 750

THEN DO,. PRTC 800

IR =IR1ly. PRTC 810

RD =AWy . PRTC 820

v =hse PRTC 830

KD =Kyeo PRTC 840

ENDy. PRTC 850

ENDy « PRTC 860

JE =JE-1y. PRTC 870

IF JE GE 1 PRTC 880

THEN GO TC SHIFT,. PRTC 890

RKM =1/FLOAT(KC)y. PRTC 9CO

R =(AV/RD)#*RKM, . PRTC 910

ARG =(ARGV-ATAN(IMAG(U),REAL(U)))*RKN,. PRTC S20

0 =2y. PRTC 930

AVO  =AV,. PRTC S40
INCR.. PRTC 950
REAL(DZ)=R*CCS(ARG) . PRTC S60
IMAG(DZ)=R*SIN{ARG) s« PRTC 970

z =20402,y. PRTC $80

IF 20 NE Z PRTC 990

THEN GO TO VALUE,. PRTC1C00

IF AV GT TOL PRTC1010

THEN ERROR='C",. PRTC1020

GO TO ROOT,. PRTC1030

ENDy . PRTC1040

ELSE COy. /*MODIFY STEPSIZE TO DECREASE */PRTC1050

R =R/2y. /*PCLYNCMIAL VALUE */PRTC1060

IR2 =(IN-11)/1C000C00G08;. PRTC1070

KD =LNy. PRTC1080

L =lye PRTC1090

IR =11/10CCCOCCCCBy. PRTC1100

K =04. PRTC1110

DO J = LN-1 TO 1 BY -1,. PRTC1120

K =K+1ly.° PRTC1130

W =8(J)se PRTC114C

AW =ABS(h)y. PRTC1150

IRl =1D/10CCOCOCO0B-(LN-K)*IR2y. PRTC1160

IF IR LT IRL PRTC1170

THEN DC»y. PRTC1180

KD =Ko PRTC1190

9 LI PRTC1200

IR =IR1ly. PRTC1210

ENC,. PRTC1220

ENDy o PRTC1230
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ARG =(ARGV-ATAN(IMAG(U) yREAL(U)))/FLOAT(KD),. PRTC1240

€C TO INCR,. PRTC1250

END, . PRTC1260

EXIT.. PRTC1270
ENCy. /#END CF PROCEDURE PRTC */PRTC1280

Purpose:

PRTC calculates all roots of a given complex
polynomial,

Usage:
CALL PRTC (C, N),

C(N) - COMPLEX BINARY FLOAT L (53)]
Given coefficient vector of normalized

polynomial
N N-1
= .ot
P(Z)=Z +C 2" +. Cy
Resultant N complex roots of given poly-
nomial.
N - BINARY FIXED

Given dimension of coefficient vector,
N is also the degree of the polynomial and
the number of roots to be calculated.

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The

following constitutes the possible error conditions

that may be detected.

ERROR='C' means that calculated roots are possibly
inaccurate. The polynomial must be given in
normalized form -- that is, the coefficient of zN
should be one (and is not stored). The coefficient
vector is replaced by the calculated roots, begin-
ning with C(N). The coefficient vector must be
complex. In the real polynomial case, the imag-
inary part of the coefficients must be set to zero
before using PRTC. PRTC will compile with error
message IEM 11051, However, the generated
object code executes correctly.

Method:

The method used was proposed by K. Nickel. It is
a generalization of Newton's method and is not
sensitive to multiple roots.

For reference see:

K. Nickel, "Die numerische Berechnung der
Wurzeln eines Polynoms'', Numerische Mathematik,
vol. 9 (1966), pp. 80-98.
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K. Nickel, ""Die Nullstellen eines Polynoms',
Algorithmus 5, Computing, Vol. 2 (1967), iss.
3, pp. 284-290,

Mathematical Background:

Generalized Newton step

Let z; be an approximation to a root of
p =7+ n-1 + + 1)
(z) =z +c,z oo ¥C (

The next approximation is calculated from the co-
efficients of the shifted polynomial:

P(z) = by (z- zi)n + b, (z- zi)n_1

+eeo+b withb = 1 (@)
z =z + (@-k) —_-bn—
i+1 4 b, (3)

where k is chosen so that

MIN (n—j)
'« T j=0,1, .0 n-1

For k =n-1, (3) is the Newton iteration method,
which requires b,_; #0. The above iteration
method works in case of multiple roots.

Bisection step

The iteration method (3) does not guarantee
monotonic convergence, If the condition

l P(zi

<
| <|Pe| ®)
fails for some i, then a new approximation 2 is
found such that m

<

P(z) (6)

P )

The existence of a ﬁm satisfying (6) follows from
lP(zi) | > 0 and the maximum modulus principle.
In fact, a suitable 'z‘m can be found in the sequence




where 1, is chosen so that

b e ™ rk)n_lm = max [I bj | e ™ rk)n_j:lb

1

m

lm-l < j < n-1 (8)

The proof of this is given in the first reference
above,

Stopping criterion

The iteration method (3) is terminated if, at some
step, the polynomial value does not decrease and
the value itself is already less than an estimate of
the roundoff error. If the estimated roundoff bound
cannot be met by the polynomial value because of
failure of the bisection method, the iteration is
stopped with error indication ERROR='C',

Estimate for roundoff error

The polynomial value
n n-r
= 9
P(Z) T 2.2 ©)
r=0
is evaluated using nested multiplication:

by =0 b =zb_ =

ves,l (10)

a for k =0, 1, 2,

with P(z) =

Since all arithmetic operations are performed with
floating point arithmetic, instead of the numbers b
internal approximations Bk will be generated that
do not satisfy P(z) =

The following calculation will give an estimate of

P(Z) - %n

The approximate values

by = b +ich,

where rb and cb are the real and imaginary parts

of bk' satisfy the equations,

b

A A A
= [¢- @ AR Y- MRS Y

k’

[(1 oy ) +r_ak:| /@ra, )

A
gpk=[§‘cbk1(1+fr BELE rb (“"4,19]

[(1+03’k)+9_ak)J / (L+o, ) (11)

wherez =€ +in, Q =ra +ica , ando; 1, M i
are relative errors of addition and multiplication
respectively,

Solving (10) for aj, and inserting into

n n-r
P(z) = Z az
— r
gives
R e e
P(z)-b_ = z * rb_+io,  cb
n T & T Ry 10,y oby
- 5rbk 1M e 0 Tk 91K
+ "°—bk-1 Mok %9,k ¥ o,k %1, 1)
- 1€Cbk 185k * 95+ 75 1 95,1
- in rbk 1y 95 10 Ty 95 1)
(12)
With ‘0 kl < g, ‘ "i,k| S”’I"i,k‘“"i,k)is"’
and b_l =
n-1
o5 |+]2] |5,
| : Z o] bk +|z||b -1
(o+3m)+0o|b .
(13)
or
A n-1 n=k A
IP(z)-b > |z| lb |(20'+317)
n ) k

n
+

b

0 Z

b
n

= E
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E may be generated using the iteration scheme

! ek=|%kl+ z"a‘k-lfor

e =___0'__ b
0 20+3ﬂ| 0
k=1,2, ..., n
giving
E = (20+31r)en-(0+31r)|bn'

(14)

In single precision, o =1 = 1076,

In double precision, =7 =0,25 * 10-15,
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Programming Considerations:

The polynomial must be given in normalized form;
that is, the coefficient of z must be unity., Co-
efficients are ordered in decreasing order,
Calculated zeros replace the coefficient vector;
that is, the root stored in C(n) is calculated first
and the root stored in C(1) is calculated last.

The iteration scheme starts with z = 0 initially,

As soon as the root z; has been calculated, P(z)
is divided by z - z1, giving P1(z). The complex
conjugate Z is used as the initial guess for a root
of Py(z). Finally zp is obtained as the root of
Pp_1(2), alinear polynomial.

No attempt is made to refine the approximated
zeros with the original coefficient vector,



PRNCENURE PRYC CALCULATES ALL ROCTS OF A COMPLEX POLYNIMTAL

X

HERE R LEEERERERER
* *

INCR
LARARICARILIALIE
REE A LREE R

‘COMPLIE CCMPLEX‘
¥PRULEUURE PRTC : 'INCRE NT le *X.........--...........-...-..-.....-....--.--..‘..-..........-.........-‘........
ARREER R RO .
. Ry .
. X :
X % VALUE ¥ .
BEERR [ R AR AR B2" . FEERRRIHHERR KRR R a4’ Tk, N
* * «F IS *. *CCMP. ROUND-OFF% ' 15 *. .
® INIT. FIRST % «* TACREMENT #, NC * BCUND TOL AND * UNCTION ®, N .
® GUESS Z=0 * ¥, NEGLIGIBLY o%..sceee X*¥VALUF V, STORF ".-......X‘.VA' UF V FOUAL e¥eaouvenonnsonnanns .
* * #, SMALL . % *DEFLATED VECTOR® *, IFRO . .
* * 4. ot * IN C * . .
FERKER SRR RREENRK N BEEREERRER R ERE * . .
. * YES X . .
: . sereseniase cessssesccnnns W :
X X . * .
FRERE LR R AR REE AREBAC2 AR ERREREE | :
* * * .
* PRESET * * SFT FRROR='C* * . .
* ERROR=1'0" * * (WARNING) * . .
* * * P .
* * * P .
FERRRERRERERREE K SRARIBIRARRRIRERE | .
. . . .
. : . :
LERY X ROOY % . .
AR TIS Lt i Fran2sbarenees o .
*FURCE SHIFY OF * * SAVE FACTORED * X FUN N * .
*URTGIN TO TAKE * * ROOT, UPDATF "X.....‘ VA v .
: PLACE : : Rcf* COUNT ‘ EEC SER.‘ : .
SEEEERC RS ARRERRE AEREAIIRIR ORI RRER : Tk, " BERRRERSRRRBEREE |
. . . * . .
. . : % :
. . . SHIFT o ¥ .
. : AEERIEFRSRRRE AR . 5" .
. - * * HAS .
. * EXTRACT ZERC # NCTION %, .
. «*% ROOT, UPDATE * VA LUE 4 .
. : ROD‘ COUNT : : CREAS‘Q.' .
M AEREIRIREERRN RN P T o N
. X . . * NO .
: . . . : .
X N . . . :
. -‘-YES - X X .
F2 . : FREEEE R R KRR EXHRAES SBRBEARRKE |
' AS *, . * COMP, INDEX * * * .
RENT . *WHICH MINIMIZFES* *HALVE PREVICUS * .
FACTDR ZERO . . *R(K) (EQUATION * *  MONULUS 0OF * .
. . 4) : * TNCREMENT * .
'n, L M EEEREEE AR R BRERE RROERERIAAAE RIS L
* YES * NO . . . .
EXIT N X : X X :
X FEARICZ #TARIAIARS : HEARG AR RS HHERAGE ARERRRRIEE L
EREEGLEREEEEREE . - M SELFCT P
* END OF * ﬁDNJL’GATE FIRST‘ . * SAVE GUESS 72 = * COEFFICIENT ¥ .
*PRUCEDURE PRTC * T. . * AND ASSOLUTE = * * WITH MAXIMAL * .
* * *l NC RE "ENT DZ=Z ‘ *FUNCTION VALUE % * CONTRIBUTICN % .
RRERE R * * % (EQUATICN 6) % .
BEEEEIEIRERERRNE AR R R AR SRERIREREEASRSARE L
X : X X .
HEERIH B EFRE R R . RECRR LT RREK KRR E BEEEE{S ARG R IREE .
* MCVE * . * * .
* COEFFICIFNT =* . *COMPUTE MO UL US* * UTE * .
* VECTOR C TC B *ceueevvocncossccnns * * * ARGU CF %,
: AND D : : INCREMENT : :N"XT INCRF MENT " X
FEEESEIPIXSRLREE R AEKEERFEAREE KK KKK *'3“**“"*‘*&‘3 :

* ARGU! OF ¥ i itieeseescsenncscsscancans

:MEXT INCREMENT %
TRRERERAFEHEEEEKA
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Numerical Quadrature

Quadrature of Tabulated Functions

e Subroutine QTFG/QTFE

QTFG.. QTFG 10
haddd ** /QTFG 20
/* */QTFG 30
/" INTEGRATION CF A FCNOTONICALLY TABULATED FUNCTION BY */QTFG 40
’* TRAPEZOIDAL RULE */QTFG 50
/* */QTFG 60
/ /QTFG 70
PROCEDURE(X,YyZoDIM),. QTFG 80
CECLARE QTFG 90
(X(*) oY (%), Z(%), SUMyXCyXNo YO, YN,HoHH) QTFG 100

BINARY FLOAT, /*SINGLE PRECISION VERSION /*S*/QTFG 110

Al BINARY FLCAT(53), /*DOUBLE PRECISION VERSION /*D#/QTFG 120
(DIMy 1) BINARY FIXED, QTFG 130

(ERROR EXTERNALySWICHARACTER(1),. QTFG 140

SW =01%,. QTFG 150

x0 =X(1)y. QTFG 160
GOTO COM,. QTFG 170
QTFE.. QTFG 180
lhddidid /QTFG 190
Al */QTFG 200
/% INTEGRATICN CF AN EQLIDISTANTLY TABULATED FUNCTION BY */QTFG 210
A TRAPEZOIDAL RULE */QTFG 220
A */QTFG 230
/¥x%% /QTFG 240
ENTRY(HyY,Z,DIM),. QTFG 250

Sk ='0',. QTFG 260

HH  =0.5%H,. QTFG 270
CCM.. QTFG 280
ERROR='1",. /#PRESET ERROR PARAMETER */QTFG 290

IF CIM GT O /*NO ACTICN IN CASE DIM LT 1 */QTFG 300
THEN CO,. QTFG 310
ERRCR='0",. QTFG 320

SUM  =0y. QTFG 330

YO =-Y{l),. QTFG 340

DO I=1 TC CIV,. QTFG 350

IF Sh='1" QTFG 360

THEN DO,. /#CALCULATE LENGTH OF INTERVAL */QTFG 370

XN =X{I)ye QTFG 380

HH  =C.5%(XN-X0),. QTFG 390

X0 =XNgo QTFG 400

ENCy. QTFG 410

YN =Y(I),. QTFG 420

SUM  =SUM+HH*(YN+YO),. /#ACCUMULATE INTEGRAL VALUE */QTFG 430

Z(1) =Su¥,. QTFG 440

YO =Yh,. QTFG 450

ENDy « QTFG 460

ENDy. QTFG 470

ENDy . /*END CF PROCEDURE QTFG */QTFG 480

Purpose:

QTFG computes a vector Z of integral values for a
given vector X of argument values and a given vector
Y of function values.

Usage:
CALL QTFG (X, Y, Z, DIM);

X(DIM) - BINARY FLOAT [(53)]

Given vector of argument values,
Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values.
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of integral values.
BINARY FIXED
Given dimension of vectors X, Y, Z.

DIM -

Purpose:

QTFE computes a vector Z of integral values for a
given vector X of equidistantly tabulated argument
values and a given vector Y of function values.

Usage:
CALL QTFE (H, Y, Z, DIM);

H- BINARY FLOAT [(53)]
Given difference of two successive
arguments:
H=x-% 4
Y(DIM) - BINARY FLOAT [(53)]
Given vector of function values,
Z(DIM) - BINARY FLOAT [(53)]
Resultant vector of integral values,
BINARY FIXED
Given dimension of vectors Y, Z.

DIM -

Remarks:

If no errors are detected in the processing of data,
the error indicator, ERROR, is set to zero. The
following constitutes the possible error condition
that may be detected:

ERROR='1' - means DIM is less than 1,
The vectors Z and Y may be identically allocated,
which means that the given function values are re-
placed by the resultant integral values.

Method:

The integral values aré obtained by means of the
trapezoidal rule,

For reference see:
F, B. Hildebrand, Introduction to Numerical

Analysis, McGraw-Hill, New York-Toronto~London,
1956, pp. 75.

Mathematical Background:

Let x;, y; be the given table of arguments and func-
tion values,
The vector of integral values

%
Zi =f y(x) dx

X
1 .
is calculated using the trapezoidal rule

(% -%1)

7z 0ty )

Z, = Z, +
i i-1

fori=2,..., DIM
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with z; = 0. e Subroutine QSF

In case of equidistant arguments: xj - x;_3 =h. ask.. sk 10
/ /QSF 20
/% */QSF 30
Al INTEGRATICN CF AN ECUIDISTANTLY VTABULATEC FUNCTION BY */QSF 40
: ] /* SIMPSON'S RULE */QSF 50
The local truncation error at each step is e +10SF 60
/%% *EEE /QSF 70
PROCEDURE(H,Y52,0IM),. QSF 80
1 3 .. DECLARE 0SF 90
- — - ~ (hyY(#)2Z(*),AUX,SUML,SUM2,HK,F1,F2) QSF 100
Ri 12 (xi xi-l) y (gi)’ (gi € [xi’ Xi_l ]) BINARY FLOAT, /*SINGLE PRECISION VERSION /#*S%*/QSF 110
Al BINARY FLCAT(53), /%DOUBLE PRECISION VERSICN /#D#/QSF 120
ERRCR EXTERNAL CHARACTER(1), QSF 130
(1,0IM) BINARY FIXED,. QSF 140
. . . . ERROR="'1",. /*PRESET ERROR PARAMETER */QSF 150
assuming that y(x) has continuous derivatives up to IF Liu GE /¥NO ACTION IN CASE DIN LT 4  #/05F 160
.-
ERRCR='0"',. QSF 180
the second order. R 9as aF 1%
. . . F1 =Y(1)y. QSF 20¢C
The total truncation error is the accumulation of F2 =vi2),. QsF 210
. SUM1,2(1)=0,y. QSF 220
the local errors at the previous step. SUM2,Z(2)=HH*0.125% (S*F 1+ /+COMPUTE Z(2) BY COMBINATION #/QSF 230
19%F2-5%Y(3)#Y(4)),. /%QF SIMPSCN'S WITH 3/8-RULE */QSF 240
DO I=3 TC DIM,. QSF 250
AUX =F2¢F2,. QSF 260
AUX =AULX+AUX+Fl,y. QSF 270
Fl =F2y. QSF 28C
F2 =Y(1)ye QSF 290
AUX =HH*(AUX#F2),. QSF 300
SUM1 =SUM1+ALX,. /#*ACCUMULATE INTEGRAL VALUE */QSF 310
AUX,Z{I)=SUML,. QSF 320
SUML =SUM2,. QSF 330
SUM2 =AUX,. QSF 340
END, QSF 350
ENDy .« QSF 360
ENDy o /*END CF PROCEDURE QSF */QSF 370
Purpose:

QSF computes a vector Z of integral values, given
a vector Y of function values corresponding to a
vector X of equidistantly tabulated arguments.

Usage:
CALL QSF (H, Y, Z, DIM);

H- BINARY FLOAT [(53)]

Given difference of two successive

arguments:

H=xj-%_4
Y(DIM) - BINARY FLOAT [(53)]

Given vector of function values,
Z(DIM) - BINARY FLOAT [(53)]

Resultant vector of integral values.
DIM - BINARY FIXED

Given dimension of vectors Y and Z.

REMARKS:

If no errors are detected in the processing o